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Pure Mathematics : Examples and Applications
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In this article, we present an extremely abstract mathematical concept that can be used as an important tool

in “Fixed Point Theory”.
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Basic definitions
A direct set (D, <) is a nonempty set D, together with a
relation < on D, such that

1) asa;

2) o< fand S Y= a=<Y,;

3) for any two elements o and f, there exists ¥

such that o < yand g < ¥.

Let €2 be a Hausdorff topological space and let D
be a directed set. A net in X is a set {x : a € D} of
elements in $2. We usually write the net {x : « € D} as
{x }. Let {x_: o € D} be anet in a topological space. Then
it is said to converge to the point X, in €2, called the limit
of the net, if to every neighborhood U of X, there
corresponds a € D such that o = a implies x € U. We
usually symbolize this by writing x  — x, or Ii(tn X, =X
Note that the limit of a net is unique since Qs being
Hausdorff. A net is said to be eventually in a subset U of
Q2 if there exists a € D such that o = @ implies x € U.
A net is said to be an ultranet if for each subset U, the net
is either eventually in U or in the complement of U.

Let {x, : a € D} be a net in a topological space.
Then a net {xaﬁ :BE Ein Q2 is said to be a subnet of
{x,: a € D} if it satisfies the following conditions:

1) {xaﬁ:ﬁeE}C{xa:aE D} and

2) for any a € D, there corresponds /30 € E such
that [3’0 < B implies a 2 a, An important fact is: Every
net has a subnet which is an ultranet. See (Kelly, 1965:
Takahashi, 2000)

A filter on N, the set of natural numbers, is a
nonempty family F C 2" of subsets of N satisfying

1) F is closed under taking supersets. That is,
AEFand ACBCN = Be F,

2) Fis closed under finite intersections. That is A,
Be F = AN BeF. Afilter F'is properif it is not equal
to 2",

An ultrafilter 14 on N is a filter on N which is maximal
with respect to “inclusion”: that is, if 24 C F and Fis a
fiter on N, then # = 1. Zorn’s lemma ensures that
every filter contained in an ultrafilter.

For a Hausdorff topological space Q2. an ultrafilter

UonN, and {x}  C € we saylimx (T- limx ) = x_if

u u
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for every neighborhood U of x we have {(n € D: x € D}
€ U Observe that the limit is also unique. If {xn} is a
bounded sequence in R, the set of real numbers, then
liminf x < lim x < limsup X
' A claussical chanracterization of compact spaces

states that “A topological space Qs compact if and
only if each ultranet (or each ultrafilter) in Q converges
to a point in Q2”. This is the first result that a common
concept like compactness is characterized in terms of
abstract concepts like nets or filters. In this note we are
looking for more: We look for results or mathematical
theorems that can be obtained from the notion of nets or
filters in their proofs.

The Banach space ultrapower of a Banach space
X over a proper ultrafilter 2/ is defined to be the Banach
space quotient (X),, - = Ay (X) / N,, (X), with elements
denoted by [Xi]u , where (xi) is a representative of the
equivalence class. The quotient norm is canonically given
by || [Xi]u | = lim || X |l- In many other applications, a
Banach space uTtrapower (X),, over N can be replaced by
the space A (X) / <, (X), where the quotient norm is
canonically given by || [xn] || = limsup || X ||l- See (Khamsi
and Sims, 2001) '

Let E be a nonempty closed and convex subset of
a Banach space X and {xn} a bounded sequence in X. We
use r(E,{xn}) and A(E,{xn}) to denote the asymptotic radius

and the asymptotic center of {xn} in E, respectively, i.e.,

n

r(E,{x }) = inf{limsup | x, —x]|:x EE},
A(E,{x,}) = {x € E:limsup|| x, — x||=r(E,{x, })}.

If C is a bounded subset of X, the Chebyshev
radius of C relative to E is defined by rE(C) = inf {rx(C) :
x € E}, where rX(C) = {sup ||x - y|| : y € C}. The following
special sequences are needed: The sequence {xn} is

called regular relative to E if r(E,{xn}) = r(E,{xn}) for each

subsequence {xn} of {xn} and {xn} is called asymptotically
uniform relative to E if A(E,{xn}) = A(E,{xn}) for each
subsequence {xn} of {xn}. Furthermore, {xn} is called regular
asymptotically uniform relative to E if {xn} is regular and
asymptotically uniform relative to E. Readers are referred

to Goebel and Kirk, 1990 for more details.

Results

We begin with the first result whose proof involves the
ultranet argument. Similar attempts can be found in
Dominguez and Lorenzo, 2004.

Theorem (Kirk and Massa, 1990) Let E be a nonempty
bounded closed convex subset of a Banach space X and
T: E — KC(E) be a nonexpansive mapping. Suppose
that the asymptotic center in E of each bounded sequence

of X is nonempty and compact. Then T has a fixed point.

Historically, Kirk initiated the result but his proof contained
a gap which could be filled in by adding an additional
assumption on “separability” on the domain E. Kirk and
Massa later fixed the proof by using ultranets. It is worth
mentioning that the first proof of Kirk is valid since we
can assume without loss of generality that E is separable

(Kuzumow and Prus, 1990).

In Dhompongsa, 2006, the authors introduced the following
notion:

A Banach space X is said to satisfy the Domnguez-
Lorenzo condition ((DL)-condition, in short), if there exists
A € [0, 1) such that for every weakly compact convex
subset E of X and for every sequence {xn} in E which is

regular relative to E,
r(AGEx. 1) < A, {x, ).

Theorem (Dhompongsa, 2006) Let X be a reflexive Banach
space satisfying the (DL)-condition and let E be a bounded

closed convex separable subset of X. If T: E — KC(X)
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be a nonexpansive and 1 - X - contractive mapping such
that T(E) is a bounded set and which satisfies the
inwardness condition: Tx C IE(x) for x € E, then T has a

fixed point.

Our goal is to eliminate the “reflexibility” and the
“separability” in the above (DL) Ttheorem. In 2006, Gavira
introduced an ultranet counterpart of the (DL)-condition
(Gavira, 2006): A Banach space X is said to satisfy the
(DL)-condition with respect to a topology T (T(DL)q-
condition) if there exists A € [0, 1) such that for every T-
compact convex subset E of X and for every bounded
ultranet {xq} in E, rE(A(E,{xa})) < M(E{Xy}). When T is the
weak topology (0 we write the (DL)q-condition instead of
W(DL)y-condition. Note that (DL)q-condition is stronger
than the (DL)-condition.

The ultranet counterpart of the (DL) Theorem becomes:

Theorem (Gavira, 2006) Let X be a Banach space
satisfying the (DL)q-condition. Let E be a bounded closed
convex subset of X. If T: E — KC(X) is a nonexpansive
and 1 - X - contractive mapping such that Tx C IE(x) for

x € E, then T has a fixed point.

Notice that the assumption on “reflexibility” and
“separability” of the space and the domain of the map
are not assumed. This not fulfil the task yet since the
(DL)g-condition involves ultranets.

At the same time, Wi'snicki and Wo’'sko introduced an
ultrafilter coefficient DL,(X) for a Banach space
X(Wisnickard and Wosko, 2007): Let £ be a proper ultrafilter
defined on N. The coefficient DL,/(X) of a Banach space

X is defined as

25 (4, (E,{xn}»}

)=
phux Sup{ 26 ()

where the supremum is taken over all nhonempty weakly
compact convex subsets E of X and all weakly, not norm-
convergent sequences {xn} in E which are regular relative
to E. Here the ultra-asymptotic radius and ultra-asymptotic
center are defined analogously by replacing “limsup” by
“lim”. '

Theorem (Wisnickard and Wosko, 2007) Let E be a
nonempty weakly compact convex subset of a Banach
space X with DL,(X) < 1. Assume that T: E — KC(X) is
a nonexpansive and 1 - X -contractive mapping such

that Tx C IE(x) for all x € E. Then T has a fixed point.

Again the “reflexibility” and “separability”
assumptions are not assumed. We recall the definition of
property (D) introduced in Dhompongsa, 2008: A Banach
space X is said to satisfy property (D) if there exists A €
[0, 1) such that for any nonempty weakly compact convex
subset E of X, any sequence {xn} C E which is regular
relative to E, and any sequence { yn} C A(E,{xn}) which is

regular asymptotically uniform relative to E we have r(E,

) < hrE ix)).

A Banach space X is said to satisfy property (D) if
there exists A € [0, 1) such that for any nonempty weakly
compact convex subset E of X, any sequence {xn} €E
which is regular relative to E, and any sequence {yn} -
A(E, {xn}) which is regular relative to E we have r(E,{yn}) <

A r(E{x }). We can conclude that (DL) = (D) = (D)

Following Wi'snicki and Wo'sko, we introduce the following
coefficient: Let 2/ be a proper ultrafilter defined on N. The

coefficient D,/(X) of a Banach space X is defined as

Pu0= Sup{zg({xn})
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where the supremum is taken over all honempty weakly
compact convex subsets E of X, all sequences {xn} in E
which are weakly, not norm-convergent and regular relative
to E and all weakly, not norm-convergent sequences {yn}

C ALE xn}) which are regular relative to E.

We begin with a fundamental result in order to prove our

main results.

Lemma (Dhompongsa et al) Let E be a nonempty closed
and convex subset of a Banach space X and {xn} a
bounded sequence in X which is regular relative to E. For
each {yn} C Au(E,{xn}), there exists a subsequence {xn} of

{xn} such that {yn} (@ A(E,{xn}).

Theorem [4] Let E be a weakly compact convex subset
of a Banach space X and £ be a proper ultrafilter defined
on N. Then D,(X) < 1 if and only if X satisfies property
(D).

Theorem [4] Let E be a nonempty weakly compact convex
subset of a Banach space X and X satisfies property (D).
Assume that T: E —> KC(X) is a nonexpansive and 1 - %,
- contractive mapping such that Tx C IE(x), for each x €

E. Then T has a fixed point.

As a consequence, we obtain a desire result:

Corollary ((DL) Theorem).
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