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Abstract
Order-decreasing full terms are special types of terms derived from order-decreasing full transformations
on a finite chain {1,...,N} and variables from an alphabet Xn . The set of all order-decreasing full terms is closed
under the superposition operation such that the superassociative law holds. In this work, three binary operations
on the set of all order-decreasing full terms of type 7, induced by the superposition are defined and the satisfaction
with associative property is proved. We also consider tree languages of order-decreasing full terms and define their
operation. Embedding theorems of semigroups of order- decreasing full terms into semigroups of tree languages

constructed from order-decreasing full terms are provided.
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Introduction

It is widely accepted that the concept of terms is one of the most important ideas in the study of algebra,
especially applications of algebra in theoretical computer science. Recall from (Wattanatripop & Changphas, 2020)
that terms are formal expressions induced by variables from an alphabet and compositions of operation symbols.
By the definition, an N-ary term of type 7 is inductively defined by the following steps: Every variable X; in
X, ={X,...,X,} is an N-ary term of type 7 and f, (t,..,t, ) is also an N-ary term of type 7 if t;,...,t, are
already known. There are many ways to define several classes of terms, for example, linear terms (Denecke, 2016)
and terms with fixed variables (Wattanatripop & Changphas, 2020).

In this work, we focus on full terms introduced by K. Denecke and his colleagues in (Denecke, 2016) and
(Wattanatripop & Changphas 2019). Let 7, be a type of all arity Nforall 1€l ,ie., 7, =(N),_, and N, =N for
all 1 € 1. By the symbol T, we denote the set of all mappings from {1,..., N} to itself. It was mentioned in (Umar,
1992) that the set Tn together with a binary composition of functions forms a semigroup called a transformation
semigroup. For any mapping & in Tn ,an N-ary full term of type 7, is defined by the following steps:

1. Fi(Xyay+s Xa(my) is @n N-ary full term of type 7, where @ €T,

2.if t,...,t are N-ary full terms of type 7,,, then f.(t,,...,t ) isan n-ary full term of type 7, .

The set of all N-ary full terms of type 7, is denoted by WrnF (Xn) . Let us consider the following example. For a
type 73 = (3, 3) with two ternary operation symbols f and g, we have
P0G % %) 906X %), T (%, %, %), T (%5, %5, %), 9%, %, %),

F(O0% X X, F (kX0 XD, F (% X0, %)), GCF (X X X, F (X1 X %), G (K X, X))
are examples of full terms in W(3’3)F (X3).

One of the generalizations of terms in the study of universal algebra and automata theory is a set of terms.
In fact, we call sets of terms tree languages. The set of all subsets or tree languages of all N -ary full terms of type
T, is denoted by P(\NTHF (X)) . For example, we have

{06 % %) 1 4900 X000 F (% X X H A (9000 X0 %), T (0%, %,), (% X)),
{1065, 906, % ), (F (%1%, %,), G (%5, %, %), G (%, %, X))}
are examples of tree languages in P(\N(313)F (X3)) . However, {f (X, X,, f(X,,X;,%;5))} & F’(\N(ss)F (X)) To
compute the result of tree languages of full terms, in (Wattanatripop & Changphas, 2021), a non-deterministic

superposition operation on the set P(\NTHF (Xn)) was firstly defined. By the definition, a mapping
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smp (WE06)) - P (WEG)
is defined as follows:
1.8 {fi(xa@)s = Xam)) b Bis s Br) = {fi(Taqys s Taa)|T ey € Bagiy) = 1,1},
2. 8"({fi(ty, ., t)}, By, o, By) = {fi(ry, o, 1) |y € S*({t;}, By, -, Bn),j = 1,...,m},
3.8™(A, By, ..., By) = Ugea{S"({a}, By, ..., B}if|A] > 1,
4.S™(A,By, ...,By) = @if A= @or B; = ¢ for some j.

As a consequence, the Menger algebra (P (an (Xn)) , gn) of type (N+1) is obtained.

In 2021, the concept of order-decreasing full terms was introduced by K. Wattanatripop and T. Changphas
( Wattanatripop & Changphas, 2021) . We now recall the definition of a semigroup of order- decreasing
transformations (Sun, 2020). The set

OD, ={z eT,|a(X) <X, ¥xe{l,..,n}}

whose elements are called order-decreasing transformations equipped with the usual composition of functions is a
semigroup. For more details, we refer to (Yang & Yang, 2012). Applying this structure, a particular class of full
terms was given. Actually, an N -ary order-decreasing full term of type 7, is inductively defined in the following
setting:

1. Fi(Xy@ s+ Xo(m) s @n N-ary full term of type 7, where @ € OD, ,

2.if t,...,t are N-ary full terms of type 7,,, then f.(t,,...,t) isan n-ary full term of type 7.
Let WTHOD" (Xn) be the set of all N -ary order-decreasing full terms of type 7, .

For example, let 753 = (3, 3, 3) be a type with three ternary operation symbols A, ®, Q. Then we have
A% X0 X5), OO0 X, %), QX X, Xg) €W 557 (X5)

1 2 3)(1 2 3\(1 2 3
because , , S OD3 . On the other hand, we obtain
1 2 3)\1 2 1)1 13

A%y X5, %), O(X, X, %), QX X3, %) Wig 557 (X;)

1 2 3)(1 2 3)(1 2 3
because , , ¢ 0D,.
2 3 1)\1 3 1)1 3 2

The superposition operation S" on the set WTHOD" (Xn) of all N -ary order-decreasing full terms of type

T, was firstly defined in the paper (Wattanatripop & Changphas, 2021). In fact, it is a mapping

Sn :WTnODn(xn)n+1 _)WTHODH(Xn)
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defined by
1, S"(fi(xa(l),...,xa(n)),sl,...,sn): fi(SusrSuqm)
2. S"(f.(t,nt,), S, S,) = F(S" (L, S Sy )s e S" (X, Sy4 440 S,)) -

As a result, the algebra

MA, (7,) = W, °*(X,),S")
consisting of the set of all 1l-ary order-decreasing full terms of type T, and the superposition S™ of type (n +1)
is constructed. It is not hard to verify that the operation S" defined on IVIAODn (z,,) satisfies the following identity:
S™(S"(t,S;y+1S,)s Uy U ) =S (£, S"(S,,Ugy ooy Uy )yeeey S™(S,, Ugy e, U ).

This equation also known as the superassociative law which always plays a key role in the theory of multiplace
functions and superassociative algebras. For more details, we refer to ( Chansuriya, 2021, ( Kumduang &
Leeratanavalee, 2021), (Dudek & Trokhimenko, 2018, 2021), (Kumduang & Sriwongsa, 2022) and (Phuapong &
Pookpienlert, 2022).

In this work, we aim to define binary operations on the WTHOD" (X,) of all order-decreasing full terms

derived from the superposition S" and prove that these operations are associative. For tree languages of order-

n
decreasing full terms, binary operations induced by a non-deterministic operation S are introduced and the fact
that these operations satisfy an associativity is given. Finally, this work is devoted to the embeddability of

semigroups of order-decreasing full terms into semigroups of tree languages of order-decreasing full terms.

Methods
We begin this section with giving three kinds of binary operations defined on the set of all order-
decreasing full terms.
Forany S,t in WTHOD" (X,), we define the binary operation
+IW_ (X )XW, O (X)) > W, %™ (X,)
by
s+t=S8"st

R
~———
n

).

Then we have:

Theorem 1 (WTHOD“ (Xn),+) is a semigroup.
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Proof We show that the binary operation + is associative. For this, let S,t,U be arbitrary elements in
oD, o : n
WTn (Xn) . By the superassociativity of the operation S", we have
(s+t)+u=S"(s,t,...,.t)+u=S"(S"(s,t,...,t),u,...,u)
=S"(s,S"(t,u,...,u),...,S"(t,u,...,u)) =s +S"(t,u,...,u) = s+ (t +u).
Therefore, (WT P (Xn),+) is a semigroup.
The obtained semigroup in Theorem 1 is called the diagonal semigroup derived from the Menger algebra
MA, (7,).
Let Sand t be order-decreasing full terms in the set WTHOD" (X,).Foreach i=1,...,n, the binary
operation
oD, oD, oD,
n WO (X )XW (X)) > W, O (X,)
can be defined by
S+ t=S"(S, Xy Xi 1,1, X gy e0r X)) -

satisfies the associative law is now proved.

The fact that the binary operation -,

Theorem 2 (WTHOD" (X)) ) is a semigroup.

Proof To show that the binary operation -, is associative, let S,t,U be arbitrary full terms in WTHOD" (Xn) .

X;
Due to the satisfaction of S" of the superassociative law over the set WTn OPn (X,), we obtain
(S'xit) u=S" (SX1 Xi_1s t, Xis1r+ X)
=S"(S" (le, o Xt X X)Xl, Xias Uy X000 X, )
=8" (s Xy eoes Xiqs S" (t Xiyeers Xiigo Uy Xiyg s ooe x) Xisgreens X)
o ST (X Xy Uy X %)
s (T 1),
which shows that (WTHOD“ (X)), ) forms a semigroup.

On the Cartesian product WTHOD" (Xn)n of N -tuples of order-decreasing full terms of type 7, , we define
the binary operation
*IW, O (X)) xW, 2 (X)) =W, O (X,)"
by
(SpyernrSy) (e t) = (8™ (St evs )s e, S(S, E s 1))
forall (S;,..,Sy), (Lo L) eWTnOD" (X)".

The following theorem shows that the operation * is associative and forms a semigroup.
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Theorem 3 (WTHOD" (Xn)n,*) is a semigroup.
Proof Let (S,...., S,), (t,.o., 1,), (U, .. U,) GWTHOD" (X,)". Then we have
(YRR EX R 2) EX (THTR

= (S"(Spr by oot ) S™ (S, by £)) # Uy, U, )

=(S"(S" (s, by e £ )y Up ey U )y ooy ST(S (S, Ey vy £ )y Ugy e, UL )

=(S"(s,,S"(t,,up, .Uy )y, S™ (LU, U)), e, ST(S,, ST (U U ), ST U UL)))

=(S,,-rS,) *(S" (L, Uy, .01, )y, S™ (L, Uy, o0 UL))

= (S, S, ) * (L, .., t ) % (U, ..., U,)).
Consequently, (WTHOD" (Xn)”,*) is a semigroup.

We call the obtained semigroup in Theorem 3 the binary comitant of the Menger algebra MAoon (Tn) .

On the set WTHOD" (X,), one can consider its power set, i.e., P(WTHOD" (X,)) . Each element in
P(WTHOD" (Xn)) is called a tree language of order-decreasing full terms. Let see some examples. Consider a
type 7, = (4) with one quaternary operation symbol V . It is clear that

DAY (%, % X %) AV (g Xy X Ko 1AV (K, X, Xy X0,V (e X, Xy %)}

are examples of tree languages in P(\N(4)OI34 (X,)).

Normally, by a subalgebra of a Menger algebra (G, 0), we mean a nonempty set H of G which is
closed under the operation 0 defined on G. So we prove the following theorem.
Theorem 4 (P (VVTZD” (Xn)) ,$™) is a subalgebra of the Menger algebra (P (VVT’; (Xn)) ,$™).
Proof Obviously, P(WTHOD" X)) c P(\NTHF (X,)) . Now we let A, By,..., B, be tree languages of order-

decreasing full terms. We give the proof by a structure of aset A . If Aor Bj = for some j =1...,n,

$(A,By, ..., By) = @, which implies that S (4, By, ..., By) € P (W0

Tn

Dn (Xn)). If A is a singleton set, we
consider in two cases. If A={f(X, 4.1 X,n))} where ¢ is an order-decreasing full term on {1,...,n}, then
we have
A . 0Dy
S ({fi(katrys -+ Xatm))} Bu s Bn) = {i(Fatwy - Taw)|Ta() € Bagyj = 1, -,m} € P (WP (X))
because B, € P(\NrnODn (X)) fora j=1,...,n Assume that A={f(t,,...,t,)} and that each
SAn({tj}, By, ..., Bn) is an order-decreasing full term on {1, ..., N}. It follows that
S"(A,By, ..., By) = S*({f,(ts, .. t.)}, By, .., By)
= {fi(ra(l), ...,ra(n))|ra0) € Sn({tj}, Bl, . Bn)'j =1,.., n}
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belongs to the set P(\NTHOD" (Xn)) .In the case when a set Ais a nonempty arbitrary set, we obtain that
S"(A, By, ..., By) = UgeafS™({a}, By, ..., By)}isin P(\NTHOD" (X,)) because S™({a}, By, ..., By) is

already known. The proof is finished.

n
According to Theorem 4, we can remark here that the operation S satisfies that superassociative law

over the set P(WTHOD" (X))

Let A and B be two subsets of WrnF (X,) . Then we define the binary operation + on

PW, °* (X)) by
A¥B =S"(4,B, ...,B).

N———
n

The following theorem shows that F is associative.
D -~
Theorem 5 (P (VVT(; n(Xn)) ,+) is a semigroup.
Proof We show that the binary operation + is associative. For this, let A, B,C be arbitrary elements in
n
P(WTHOD" (X,)) . By the superassociativity of the operation S, we have
(A¥B)¥C =S™(4,B, ...,B)¥C = S"($"(4,B, ..., B),B, ..., B)
§7(A4,8™(B,C, ..., C), .. S"(B,C, .., C)) = AFS(B,C, ..., C) = AF(BFC).

Thus, (P (VVT(;D” (Xn)) ,F) is a semigroup.

The obtained semigroup in Theorem 5 is called the diagonal power semigroup derived from the power
Menger algebra (P (VVTZD”(Xn)),SA'n) .

Let Aand B be subsets of order-decreasing full terms. For each 1 =1,..., N, the binary operation

. oD, oD, 0D,
oy - POW, 7 (X)) x PW, 7 (X)) = PW, 7 (X))

can be defined by
Ay B= gn(A' {1}, o Az 3 B o {20 )).

The fact that the binary operation “x} satisfies the associative law is now proved.
Theorem 6 (P(VVT (X)) -{X_}) is a semigroup.
Proof To show that the binary operation I} is associative, let A, B,C be arbitrary subsets of P(\NTHOD" (Xn)) .

Due to the satisfaction of S™ of the superassociative law over the set P(\NTHOD" (X,)) . we obtain
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(A {x) B) (x) C = SAn(A, {Xl}, ey {Xi_l}, B, {XH_l}, ,{Xn}) (xi} Cc

= gn(gn(A' {xl}' L {xi—/\lr}lBl {xi+1}l L {xn})' {xl}' ey {xi—l}' C' {xi+1}'
= gn(A: {xl}r ey {xi—l}'S (B, {xl}J ey {xi—l}r Cr {xi+1}l ey {xn})' {xi+1}:

= A (3 S™(B,{x1}, o, Xi21}, C {1413 o, {0 D)
= A iy (B iy €)

which means that ( PW, ° (X)), ;) forms a semigroup.

UNAINIAE

n})
o {20 })

On the Cartesian product P(WTHOD" (Xn))n of tree languages of order-decreasing full terms of type 7,

the binary operation

*IPW, % (X,))" < PO, % (X,))" = P(W, **(X,))"
is defined by
(Aq, ..., A,) # (By, ..., By) = (S™(44,By, ..., By), ..., S™ (A, By, .., By))
forall (A,..s A, By, B) € PW_ O (X))".
As a result, we prove:

Theorem 7 (P(VVTHOD" (Xn))”,;) is a semigroup.

Proof Let (A,...., A,),(B,,.....,B,),(C,,.....C,) € P(WrnODn (X,)". Because a non-deterministic

superposition operation satisfies the superassociative law, the equation

((As s A)¥(B,, ... B)*(Cpy s C) = (A vy A)*((B,, ..., B.)*(C,, ..., C.))

is obtained. In fact, we have
((Asors A)*(B,, ..., B))*(C,......C.)

= (§"(A1, By, ., By, e, S™(Ap, By, e, By)) # (Cy, ., Cy)

= (§™(8™(A4, By, -, Bp), C1, vy Cr), o, ST (S™(Ap, By, ey By, C, o, Cr))

= (" (40,8™(B1, Cy, ) Ca), o0, S™ (B, G, o, C)),

o8 (A3, 87 (B1, €, oty €y ey ™ (B Cy o, Ca)))
= (4y, ., Ap) # (" (B, C1,ees G, w0, 8 (B, Cy, o’ C)
=(A,...A)*((B,,...B,)*(C,,...,.C.)).

This shows that (P(VVTHOD” XN ;) is a semigroup.

We remark here that in this section different kinds of semigroups of terms and tree languages induced by

order-decreasing transformations are constructed.
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Results

This section is contributed to the embeddability of semigroups derived from the algebra of order-
decreasing full terms into semigroups of tree languages of order-decreasing full terms. Recall that we call a
semigroup (S,') can be embedded into a semigroup (M, @) if there is a mapping from (S,') to (M, @)

which has a compatible property, always knowns as a homomorphism, and such mapping is injective.

Theorem 8 The diagonal semigroup (WTnOD" (Xn), +) can be embedded into the binary comitant
(W, ™ (X,)",*).

Proof For any order-decreasing full term t, the mapping p ZWTHOD" (X,) —)WTnOD" (X,)" can be defined by

p(t) = (t, ..., t). Itis obvious that p is injective. To show that, p is a homomorphism, we let

n
s,teW._%(X,). Then we have

p(s +1t) = p(S™(s, t, ..., ) = <S“(s, t o, t), ..., S"(s, t, ...,t)) =(s,..,8) + (¢, ...,.t) = p(s) + p(b).

n

Therefore, (WTHOD" (Xn),+) can be embedded into (WIHOD" (Xn)n,*).

Theorem 9 The power diagonal semigroup (P (VVTZDn (Xn)) s $) can be embedded into
(PO, % (X)), %).
Proof We define the mapping 7 : POW. ™ (X)) = P(W. ®> (X )" by 7(A)=(A,..., A) foral
" " T
Ae P(\NTHOD" (X,)) . Clearly, y is an injective mapping. Furthermore, we have
y(A%B) =y (S’"(A, B, ...,B)) = <§n(A, B,..,B),..,S"(4,B, ...,B)) = (4, .., HF@B, .., B) = y(D)Fy(®B).

n

We conclude that 7 is a monomorphism from (P (VVTZD" (Xn)), F) to (P(VVTHOD" (Xn))”,;).

To close this work, we prove that the semigroups of order-decreasing full terms can be embedded into
the semigroups of tree languages of order-decreasing full terms.

Theorem 10 The following statements are ture:

(1) (VVTHOD" (X,),S") is embeddable into (P (WOD"(Xn)) ,$™),

Tn
(2) (WTHOD“ (Xn),+) is embeddable into (P (WOD"(Xn)),:r_),

Tn

3) (W, °*(X,),, ) is embeddable into (P(W, *™ (X,)), 1)
(4) (W,noD"(Xn)”,*) is embeddable into (P(\NTHODn(xn))n,;).
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Proof We first show that the statement (1) holds. To do this, we define the mapping 7 from (VVTHOD" (Xn), Sn) to
(P (VVTZD” (Xn)) , f”) by 7(t) ={t} for all order-decreasing full term t of type 7, . Clearly, n is injective.
Moreover, a homomorphism property, i.e., n(Sn(t, Sty ey Sn)) = §n(n(t),n(sl), ...,r)(sn)) is also valid. In
fact, we give a proof by induction on the complexity of an order-decreasing full term t.If t = fi (Xa(l) . Xa(n))
where @ € OD, , we have 7(S" (f; (X, 1y 1+ Xa(ny ) Str--154)) = 7 i (Saryr--+1 Surgmy)) =L Fi Sty 11 Sy )} @NG
57 (1 (£ Cratwy = %)) 1G5 15 ) = S8 Gty - Xt 5 s E503) = (i Sty St}
This shows that the equation
n (Sn(fi(xa(l)' s X(o) )r S1s e Sn)) =85"(n (fi(xa(l)' ""xoc(n)))' n(s1), ., 1(5R))

holds. If t = f,(t,,...,t,) and assume that 1 (Sn(tj, S1y e Sn)) = gn(n(tj),n(sl), ., 11(8,)) for every
1< j<n, we have

n(S"(f,(t,....t,), S, S,) ={S"(f, (t,,....1,), S, S, )} ={ . (S"(t,,8,,--,S, )seon S" (X, Sy, S, )} @nd

8" (n(fitss s ) 0(S1)s e, 1(52) ) = S7 Ui (s o D, (1), e, L5 )
= {ﬁ(rl, w Tyl € §n({fj}, {51}, o, {50),J = 1,...,n}.
Thus,
n (Sn(fi(tl, s t0), Sy e Sn)) = 5'"(77 (fl-(tp ...,tn)), n(sy), ...,n(s,)). Consequently, 77 is a
monomorphism from the Menger algebra (WTHOD" (X,),S") tothe algebra (P (VVTZD" (Xn)) ,$™).
To prove the statements (2) and (3), we define the mapping
BIW, % (X,) = PW, % (X,))
by
A ={t}
forall t EWTHOD" (Xn) . Obviously, f is an injection. It is not difficult to verify that the following equations are
satisfied: B(s+1t) = B(s)+(t) and B(S-, t)=B(S) 1, B(t).
Finally, we prove that (4) is valid. Let (t;,...,1,) be a product of WTHOD" (X,)". The mapping
@ W, % (X,)" = PW_ “(X,)")" can be defined by
o((t, .. 1.)) = {3 . 6.

Itis clear that @ is injective. The proof of the equation

o((t,....t,)*(s,,...,S,)) = (p((tl,...,tn));(p((sl,..., S,))

is omitted.
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Discussion

We remark that all semigroups derived from the algebra of order- decreasing full terms obtained in
Theorems 1-3 can be viewed as a specific case of semigroups induced by the Menger algebra of tree languages
of order-decreasing full terms given in Theorems 5-7 because a non-deterministic operation gn maps from the set
of tree languages of order-decreasing full terms into itself, while an operation S" sends from the set of order-

decreasing full terms into itself. For this reason, it is possible to describe monomorphisms of these structures.

Conclusions

In this work, based on the concept of order-decreasing full terms, different binary operations are defined.
We also prove that these operations are associative and hence the corresponding semigroups are obtained. In
general, we consider a power set of WTHOD" (Xn) of order-decreasing full terms whose elements are called tree
languages of order-decreasing full terms. The fact that a non-deterministic superposition $™ on P(WTHOD" (X))

satisfies the superassociativity is proved in Theorem 5. This leads us to construct semigroups of tree languages of

order-decreasing full terms under the operation +, %} and * . Finally, embedding theorems of the semigroups of
order-decreasing full terms into semigroups of tree languages constructed from order-decreasing full terms are

discussed.
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