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บทคัดย่อ 
เซตของฟูลเทอมที่อนัดบัลด ( )n

n

OD

nW X เป็นเซตของเทอมชนิดพิเศษที่สรา้งมาจากการแปลงเต็มที่อนัดบัลดบนโซ่
จ ากัด {1,..., }n และตวัแปรจากพยญัชนะ nX  เซตของฟูลเทอมที่อนัดบัลดทัง้หมดถูกท าให้มีสมบติัปิดภายใตก้ารด าเนินการ

ซุปเปอรโ์พสิชนัที่ซึ่งสอดคลอ้งกับกฎซุปเปอรข์องการเปล่ียนหมู่ ในงานวิจยันีก้ารด าเนินการทวิภาค +,∗,⋅𝑥𝑖 บนเซตของฟูล
เทอมที่อันดับลดซึ่งก่อก าเนิดจากซุปเปอร์โพสิชันได้ถูกนิยามและความสอดคลอ้งกับสมบัติการเปล่ียนหมู่ไดร้ับการพิสูจน์ 
นอกจกานัน้เราพิจารณาภาษาตน้ไมข้องฟูลเทอมที่อนัดบัลดและนิยามการด าเนินการของภาษาตน้ไม้ดงักล่าว ทฤษฎีบทการ
ฝังของก่ึงกรุปของฟูลเทอมที่อนัดบัลดไปในกึ่งกรุปของภาษาตน้ไม้ที่สรา้งมาจากฟูลเทอมที่อนัดบัลดไดร้บัการน าเสนอ 
 

ค าส าคัญ  :  ฟูลเทอมที่อนัดบัลด ; การแปลงเต็มที่อนัดบัลด ; การเปล่ียนหมู่ ; การด าเนินการทวิภาค 
 

Abstract 
 Order-decreasing full terms are special types of terms derived from order-decreasing full transformations 
on a finite chain {1,..., }n   and variables from an alphabet nX . The set of all order-decreasing full terms is closed 
under the superposition operation such that the superassociative law holds.  In this work, three binary operations 
on the set of all order-decreasing full terms of type n  induced by the superposition are defined and the satisfaction 
with associative property is proved. We also consider tree languages of order-decreasing full terms and define their 
operation.  Embedding theorems of semigroups of order- decreasing full terms into semigroups of tree languages 
constructed from order-decreasing full terms are provided. 
 

Keywords :  order-decreasing full term; order-decreasing full transformation; associativity; binary operation 
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Introduction 
It is widely accepted that the concept of terms is one of the most important ideas in the study of algebra, 

especially applications of algebra in theoretical computer science. Recall from (Wattanatripop & Changphas, 2020) 
that terms are formal expressions induced by variables from an alphabet and compositions of operation symbols. 
By the definition, an n - ary term of type  is inductively defined by the following steps:  Every variable ix in 

1: { ,..., }n nX x x=  is an n -ary term of type   and 1( ,..., )
ii nf t t is also an n -ary term of type  if 1,..., int t are 

already known. There are many ways to define several classes of terms, for example, linear terms (Denecke, 2016) 
and terms with fixed variables (Wattanatripop & Changphas, 2020). 

 In this work, we focus on full terms introduced by K. Denecke and his colleagues in (Denecke, 2016) and 
(Wattanatripop & Changphas 2019) .  Let n be a type of all arity n for all i I , i.e. , ( )n i i In =  and in n=  for 
all i I . By the symbol nT , we denote the set of all mappings from {1,..., }n  to itself. It was mentioned in (Umar, 
1992)  that the set nT together with a binary composition of functions forms a semigroup called a transformation 
semigroup. For any mapping  in nT , an n -ary full term of type n  is defined by the following steps: 

1. (1) ( )( ,..., )i nf x x   is an n -ary full term of type n  where nT  , 
2. if 1,..., nt t are n -ary full terms of type n , then 1( ,..., )i nf t t  is an n -ary full term of type n . 

The set of all n -ary full terms of type n is denoted by ( )
n

F

nW X .   Let us consider the following example.  For a 
type 3 (3,3) =  with two ternary operation symbols f  and g , we have 

1 2 3 1 1 1 2 1 3 3 3 2 2 1 1( , , ), ( , , ), ( , , ), ( , , ), ( , , ),f x x x g x x x f x x x f x x x g x x x  

1 2 3 3 1 2 2 1 3 2 3 3 3 2 1 2 2 3( ( , , ), ( , , ), ( , , )), ( ( , , ), ( , , ), ( , , ))f g x x x f x x x f x x x g f x x x f x x x g x x x  
are examples of full terms in (3,3) 3( )FW X . 
 One of the generalizations of terms in the study of universal algebra and automata theory is a set of terms. 
In fact, we call sets of terms tree languages.  The set of all subsets or tree languages of all n -ary full terms of type 

n  is denoted by ( ( ))
n

F

nP W X . For example, we have 

1 2 3 1 1 1 2 2 3 1 2 3 3 1 2 2 1 3{ ( , , )}, { ( , , ), ( , , )},{ ( ( , , ), ( , , ), ( , , ))},f x x x g x x x f x x x f g x x x f x x x f x x x

3 3 3 1 1 1 2 3 3 3 2 1 2 2 3{ ( , , ), ( , , ), ( ( , , ), ( , , ), ( , , ))}f x x x g x x x f f x x x g x x x g x x x  
are examples of tree languages in (3,3) 3( ( ))FP W X . However, 1 2 2 3 3 (3,3) 3{ ( , , ( , , ))} ( ( ))Ff x x f x x x P W X . To 
compute the result of tree languages of full terms, in (Wattanatripop & Changphas, 2021) , a non-deterministic 
superposition operation on the set ( ( ))

n

F

nP W X  was firstly defined. By the definition, a mapping  
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𝑆̂𝑛: 𝑃 (𝑊𝜏𝑛
𝐹(𝑋𝑛))

𝑛+1

→ 𝑃 (𝑊𝜏𝑛
𝐹(𝑋𝑛))  

is defined as follows: 
1. 𝑆̂𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}, 𝐵1, … , 𝐵𝑛) = {𝑓𝑖(𝑟𝛼(1), … , 𝑟𝛼(𝑛))|𝑟𝛼(𝑗) ∈ 𝐵𝛼(𝑗) , 𝑗 = 1,… , 𝑛}, 
2. 𝑆̂𝑛({𝑓𝑖(𝑡1, … , 𝑡𝑛)}, 𝐵1, … , 𝐵𝑛) = {𝑓𝑖(𝑟1, … , 𝑟𝑛)|𝑟𝑗 ∈ 𝑆̂𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛), 𝑗 = 1,… , 𝑛}, 

3. 𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ⋃ {𝑆̂𝑛({𝑎}, 𝐵1, … , 𝐵𝑛)}𝑎∈𝐴  if |𝐴| > 1, 

4. 𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ∅ if 𝐴 = ∅ or 𝐵𝑗 = ∅ for some 𝑗. 

As a consequence, the Menger algebra (𝑃 (𝑊𝜏𝑛
𝐹 (𝑋𝑛)) , 𝑆̂

𝑛
) of type ( 1)n +  is obtained. 

 In 2021, the concept of order-decreasing full terms was introduced by K. Wattanatripop and T. Changphas 
( Wattanatripop & Changphas, 2021) .  We now recall the definition of a semigroup of order- decreasing 
transformations (Sun, 2020). The set  

{ | ( ) , {1,..., }}n nOD T x x x n =      
whose elements are called order-decreasing transformations equipped with the usual composition of functions is a 
semigroup.  For more details, we refer to (Yang & Yang, 2012) .   Applying this structure, a particular class of full 
terms was given.  Actually, an n -ary order-decreasing full term of type n is inductively defined in the following 
setting: 

1. (1) ( )( ,..., )i nf x x   is an n -ary full term of type n  where nOD  , 
2. if 1,..., nt t are n -ary full terms of type n , then 1( ,..., )i nf t t  is an n -ary full term of type n . 

Let ( )n

n

OD

nW X  be the set of all n -ary order-decreasing full terms of type n .  
For example, let 3 (3,3,3) =  be a type with three ternary operation symbols , ,   . Then we have 

3

1 2 3 1 2 1 1 1 3 (3,3,3) 3( , , ), ( , , ), ( , , ) ( )
OD

x x x x x x x x x W X     

because 
3

1 2 3 1 2 3 1 2 3
, ,

1 2 3 1 2 1 1 1 3
OD

     
     

     
. On the other hand, we obtain  

3

2 3 1 1 3 1 1 3 2 (3,3,3) 3( , , ), ( , , ), ( , , ) ( )
OD

x x x x x x x x x W X     

because 
3

1 2 3 1 2 3 1 2 3
, ,

2 3 1 1 3 1 1 3 2
OD

     
     

     
.  

 The superposition operation nS  on the set ( )n

n

OD

nW X  of all n -ary order-decreasing full terms of type 

n  was firstly defined in the paper (Wattanatripop & Changphas, 2021). In fact, it is a mapping  
 

1: ( ) ( )n n

n n

OD ODn n

n nS W X W X 

+ →  
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defined by  
 1. (1) ( ) 1 (1) ( )( ( ,..., ), ,..., ) ( ,..., )n

i n n i nS f x x s s f s s   = , 
 2. 

1 1 1 1 1( ( ,..., ), ,..., ) ( ( , ,..., ),..., ( , ,..., ))n n n

i n n i n n nS f t t s s f S t s s S t s s= . 
As a result, the algebra  

( ) : ( ( ), )n

n n

OD n

OD n nMA W X S =  

consisting of the set of all 𝑛-ary order-decreasing full terms of type 𝜏𝑛 and the superposition 𝑆𝑛 of type ( 1)n +  
is constructed. It is not hard to verify that the operation nS  defined on ( )

nOD nMA   satisfies the following identity: 

1 1 1 1 1( ( , ,..., ), ,..., ) ( , ( , ,..., ),..., ( , ,..., )).n n n n n

n n n n nS S t s s u u S t S s u u S s u u=  

This equation also known as the superassociative law which always plays a key role in the theory of multiplace 
functions and superassociative algebras.  For more details, we refer to ( Chansuriya, 2021, ( Kumduang & 
Leeratanavalee, 2021) ,  (Dudek & Trokhimenko, 2018, 2021) ,  (Kumduang & Sriwongsa, 2022)  and (Phuapong & 
Pookpienlert, 2022). 
 In this work, we aim to define binary operations on the ( )n

n

OD

nW X  of all order-decreasing full terms 
derived from the superposition nS  and prove that these operations are associative.  For tree languages of order-

decreasing full terms, binary operations induced by a non-deterministic operation 
n

S  are introduced and the fact 
that these operations satisfy an associativity is given.  Finally, this work is devoted to the embeddability of 
semigroups of order-decreasing full terms into semigroups of tree languages of order-decreasing full terms. 
 
Methods 

We begin this section with giving three kinds of binary operations defined on the set of all order-
decreasing full terms. 

For any ,s t  in ( )n

n

OD

nW X , we define the binary operation  
: ( ) ( ) ( )n n n

n n n

OD OD OD

n n nW X W X W X  +  →  
by 

𝑠 + 𝑡 = 𝑆𝑛(𝑠, 𝑡, … , 𝑡⏟  
𝑛

). 

Then we have: 
 

Theorem 1 ( )( ),n

n

OD

nW X +  is a semigroup. 
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Proof We show that the binary operation + is associative. For this, let , ,s t u  be arbitrary elements in 
( )n

n

OD

nW X . By the superassociativity of the operation nS , we have 

( ) ( , ,..., ) ( ( , ,..., ), ,..., )n n ns t u S s t t u S S s t t u u+ + = + =  
     ( , ( , ,..., ),..., ( , ,..., )) ( , ,..., ) ( ).n n n nS s S t u u S t u u s S t u u s t u= = + = + +  

Therefore, ( )( ),n

n

OD

nW X +  is a semigroup. 

 The obtained semigroup in Theorem 1 is called the diagonal semigroup derived from the Menger algebra 
( )

nOD nMA  .  
Let s and t  be order-decreasing full terms in the set ( )n

n

OD

nW X . For each 1,...,i n= , the binary 
operation  

: ( ) ( ) ( )n n n

i n n n

OD OD OD

x n n nW X W X W X    →  
can be defined by  

1 1 1( , ,..., , , ,..., )
i

n

x i i ns t S s x x t x x− + = . 
The fact that the binary operation 

ix  satisfies the associative law is now proved. 

Theorem 2 ( )( ),n

n i

OD

n xW X   is a semigroup. 

Proof To show that the binary operation 
ix is associative, let , ,s t u  be arbitrary full terms in ( )n

n

OD

nW X . 

Due to the satisfaction of nS  of the superassociative law over the set ( )n

n

OD

nW X , we obtain 

1 1 1( ) ( , ,..., , , ,..., )
i i i

n

x x i i n xs t u S s x x t x x u− +  =   

      1 1 1 1 1 1( ( , ,..., , , ,..., ), ,..., , , ,..., )n n

i i n i i nS S s x x t x x x x u x x− + − +=  
      1 1 1 1 1 1( , ,..., , ( , ,..., , , ,..., ), ,..., )n n

i i i n i nS s x x S t x x u x x x x− − + +=  
      1 1 1( , ,..., , , ,..., )

i

n

x i i ns S t x x u x x− +=   
      ( ),

i ix xs t u=    

which shows that ( )( ),n

n i

OD

n xW X   forms a semigroup. 

On the Cartesian product ( )n

n

OD n

nW X  of n -tuples of order-decreasing full terms of type n , we define 
the binary operation  

: ( ) ( ) ( )n n n

n n n

OD OD ODn n n

n n nW X W X W X    →  
by  

1 1 1 1 1( ,...., ) ( ,...., ) ( ( , ,...., ),..., ( , ,...., ))n n

n n n n ns s t t S s t t S s t t =  
for all 1 1( ,...., ), ( ,...., ) ( )n

n

OD n

n n ns s t t W X . 
The following theorem shows that the operation   is associative and forms a semigroup. 
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Theorem 3 ( )( ) ,n

n

OD n

nW X   is a semigroup. 

Proof Let 1 1 1( ,...., ), ( ,...., ), ( ,...., ) ( )n

n

OD n

n n n ns s t t u u W X . Then we have 

1 1 1(( ,...., ) ( ,...., )) ( ,...., )n n ns s t t u u   

1 1 1 1( ( , ,...., ),..., ( , ,...., )) ( ,...., )n n

n n n nS s t t S s t t u u=   

1 1 1 1 1( ( ( , ,...., ), ,...., ),..., ( ( , ,...., ), ,...., ))n n n n

n n n n nS S s t t u u S S s t t u u=  

1 1 1 1 1 1 1( ( , ( , ,...., ),..., ( , ,...., )),..., ( , ( , ,...., ),..., ( , ,...., )))n n n n n n

n n n n n n nS s S t u u S t u u S s S t u u S t u u=  
 1 1 1 1( ,...., ) ( ( , ,..., ),..., ( , ,..., ))n n

n n n ns s S t u u S t u u=   
 1 1 1( ,...., ) (( ,..., ) ( ,..., )).n n ns s t t u u=    

Consequently, ( )( ) ,n

n

OD n

nW X   is a semigroup. 

 We call the obtained semigroup in Theorem 3 the binary comitant of the Menger algebra ( )
nOD nMA  .  

 On the set ( )n

n

OD

nW X , one can consider its power set, i.e., ( ( ))n

n

OD

nP W X . Each element in  

( ( ))n

n

OD

nP W X is called a tree language of order-decreasing full terms. Let see some examples. Consider a 
type 4 (4) =  with one quaternary operation symbol  . It is clear that  

1 2 3 4 2 4 4 2 2 1 4 3 3 1 1 1,{ ( , , , )},{ ( , , , )},{ ( , , , ), ( , , , )}x x x x x x x x x x x x x x x x      
are examples of tree languages in 4

(4) 4( ( ))
OD

P W X . 
 Normally, by a subalgebra of a Menger algebra (𝐺, 𝑜), we mean a nonempty set 𝐻 of 𝐺 which is 
closed under the operation 𝑜 defined on 𝐺. So we prove the following theorem. 
Theorem 4 (𝑃 (𝑊𝜏𝑛

𝑂𝐷𝑛(𝑋𝑛)) , 𝑆̂
𝑛) is a subalgebra of the Menger algebra (𝑃 (𝑊𝜏𝑛

𝐹(𝑋𝑛)) , 𝑆̂
𝑛). 

Proof Obviously, ( ( )) ( ( ))n

n n

OD F

n nP W X P W X  . Now we let 1, ,..., nA B B be tree languages of order-
decreasing full terms. We give the proof by a structure of a set A . If A or jB =   for some 1,..., ,j n=  

𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ∅, which implies that 𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) ∈ 𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)). If A  is a singleton set, we 

consider in two cases. If (1) ( ){ ( ,..., )}i nA f x x =  where  is an order-decreasing full term on {1,..., },n   then 
we have  

𝑆̂𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))},𝐵1, … , 𝐵𝑛) = {𝑓𝑖(𝑟𝛼(1), … , 𝑟𝛼(𝑛))|𝑟𝛼(𝑗) ∈ 𝐵𝛼(𝑗), 𝑗 = 1,… , 𝑛} ∈ 𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) 

because ( ) ( ( ))n

n

OD

j nB P W X   for all 1,...,j n= . Assume that 1{ ( ,..., )}i nA f t t=  and that each 
𝑆̂𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛) is an order-decreasing full term on {1,..., }.n  It follows that  

𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = 𝑆̂
𝑛({𝑓

𝑖
(𝑡1, … , 𝑡𝑛)}, 𝐵1, … , 𝐵𝑛)

= {𝑓
𝑖
(𝑟𝛼(1), … , 𝑟𝛼(𝑛))|𝑟𝛼(𝑗) ∈ 𝑆̂

𝑛({𝑡𝑗}, 𝐵1, … , 𝐵𝑛), 𝑗 = 1, … , 𝑛} 
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belongs to the set ( ( ))n

n

OD

nP W X . In the case when a set A is a nonempty arbitrary set, we obtain that 
𝑆̂𝑛(𝐴, 𝐵1, … , 𝐵𝑛) = ⋃ {𝑆̂𝑛({𝑎}, 𝐵1, … , 𝐵𝑛)}𝑎∈𝐴  is in ( ( ))n

n

OD

nP W X  because 𝑆̂𝑛({𝑎}, 𝐵1, … , 𝐵𝑛) is 
already known. The proof is finished. 

 According to Theorem 4, we can remark here that the operation 
n

S satisfies that superassociative law 
over the set ( ( ))n

n

OD

nP W X .  

Let A  and B be two subsets of ( )
n

F

nW X . Then we define the binary operation +  on 
( ( ))n

n

OD

nP W X  by  
𝐴+̂𝐵 = 𝑆̂𝑛(𝐴, 𝐵, … ,𝐵⏟    

𝑛

). 

 The following theorem shows that +̂ is associative. 

Theorem 5 (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , +̂) is a semigroup. 

Proof We show that the binary operation + is associative. For this, let , ,A B C  be arbitrary elements in 

( ( ))n

n

OD

nP W X . By the superassociativity of the operation 
n

S , we have 
(𝐴+̂𝐵)+̂𝐶 = 𝑆̂𝑛(𝐴, 𝐵,… , 𝐵)+̂𝐶 = 𝑆̂𝑛(𝑆̂𝑛(𝐴, 𝐵,… , 𝐵), 𝐵,… , 𝐵) 

𝑆̂𝑛 (𝐴, 𝑆̂𝑛(𝐵, 𝐶,… , 𝐶),… , 𝑆̂𝑛(𝐵, 𝐶,… , 𝐶)) = 𝐴+̂𝑆̂𝑛(𝐵, 𝐶, … , 𝐶) = 𝐴+̂(𝐵+̂𝐶). 

Thus, (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , +̂)  is a semigroup. 

 The obtained semigroup in Theorem 5 is called the diagonal power semigroup derived from the power 

Menger algebra (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , 𝑆̂

𝑛)  .  
Let A and B  be subsets of order-decreasing full terms. For each 1,...,i n= , the binary operation  

{ } : ( ( )) ( ( )) ( ( ))n n n

i n n n

OD OD OD

x n n nP W X P W X P W X    →  
can be defined by  

𝐴 ⋅{𝑥𝑖} 𝐵 = 𝑆̂
𝑛(𝐴, {𝑥1}, … , {𝑥𝑖−1}, 𝐵, {𝑥𝑖+1}, … , {𝑥𝑛}). 

The fact that the binary operation { }ix  satisfies the associative law is now proved. 

Theorem 6 ( ){ }( ( )),n

n i

OD

n xP W X   is a semigroup. 

Proof To show that the binary operation { }ix is associative, let , ,A B C  be arbitrary subsets of ( ( ))n

n

OD

nP W X . 
Due to the satisfaction of 𝑆̂𝑛  of the superassociative law over the set ( ( ))n

n

OD

nP W X , we obtain 
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(𝐴 ⋅{𝑥𝑖} 𝐵) ⋅{𝑥𝑖} 𝐶 = 𝑆̂
𝑛(𝐴, {𝑥1}, … , {𝑥𝑖−1}, 𝐵, {𝑥𝑖+1}, … , {𝑥𝑛}) ⋅{𝑥𝑖} 𝐶 

                   = 𝑆̂𝑛(𝑆̂𝑛(𝐴, {𝑥1},… , {𝑥𝑖−1}, 𝐵, {𝑥𝑖+1},… , {𝑥𝑛}), {𝑥1}, … , {𝑥𝑖−1}, 𝐶, {𝑥𝑖+1}, … , {𝑥𝑛}) 

                        = 𝑆̂𝑛(𝐴, {𝑥1},… , {𝑥𝑖−1}, 𝑆̂
𝑛
(𝐵, {𝑥1}, … , {𝑥𝑖−1}, 𝐶, {𝑥𝑖+1}, … , {𝑥𝑛}), {𝑥𝑖+1}, … , {𝑥𝑛}) 

                      = 𝐴 ⋅{𝑥𝑖} 𝑆̂
𝑛(𝐵, {𝑥1}, … , {𝑥𝑖−1}, 𝐶, {𝑥𝑖+1}, … , {𝑥𝑛}) 

                      = 𝐴 ⋅{𝑥𝑖} (𝐵 ⋅{𝑥𝑖} 𝐶), 

which means that ( ){ }( ( )),n

n i

OD

n xP W X   forms a semigroup. 

On the Cartesian product ( ( ))n

n

OD n

nP W X  of tree languages of order-decreasing full terms of type n , 
the binary operation  

: ( ( )) ( ( )) ( ( ))n n n

n n n

OD OD ODn n n

n n nP W X P W X P W X    →  
is defined by  

(𝐴1, … , 𝐴𝑛) ∗̂ (𝐵1, … , 𝐵𝑛) = (𝑆̂
𝑛(𝐴1, 𝐵1, … , 𝐵𝑛),… , 𝑆̂

𝑛(𝐴𝑛 , 𝐵1, … , 𝐵𝑛)) 
for all 1 1( ,...., ), ( ,...., ) ( ( ))n

n

OD n

n n nA A B B P W X . 
As a result, we prove: 

Theorem 7 ( )( ( )) ,n

n

OD n

nP W X   is a semigroup. 

Proof Let 1 1 1( ,...., ), ( ,...., ), ( ,...., ) ( ( ))n

n

OD n

n n n nA A B B C C P W X . Because a non-deterministic 
superposition operation satisfies the superassociative law, the equation  

1 1 1 1 1 1(( ,...., ) ( ,...., )) ( ,...., ) ( ,...., ) (( ,...., ) ( ,...., ))n n n n n nA A B B C C A A B B C C  =    
is obtained. In fact, we have     

1 1 1(( ,...., ) ( ,...., )) ( ,...., )n n nA A B B C C   
                 = (𝑆̂𝑛(𝐴1, 𝐵1, … , 𝐵𝑛),… , 𝑆̂𝑛(𝐴𝑛 , 𝐵1, … , 𝐵𝑛)) ∗̂ (𝐶1, … , 𝐶𝑛) 
                 = (𝑆̂𝑛(𝑆̂𝑛(𝐴1, 𝐵1, … , 𝐵𝑛), 𝐶1, … , 𝐶𝑛),… , 𝑆̂𝑛(𝑆̂𝑛(𝐴𝑛 , 𝐵1, … , 𝐵𝑛), 𝐶1, … , 𝐶𝑛)) 

                 = (𝑆̂𝑛 (𝐴1, 𝑆̂𝑛(𝐵1, 𝐶1 , … , 𝐶𝑛), … , 𝑆̂𝑛(𝐵𝑛, 𝐶1 , … , 𝐶𝑛)), 

                        … , 𝑆̂𝑛 (𝐴𝑛, 𝑆̂
𝑛(𝐵1, 𝐶1 , … , 𝐶𝑛), … , 𝑆̂

𝑛(𝐵𝑛, 𝐶1 , … , 𝐶𝑛))) 

                 = (𝐴1, … , 𝐴𝑛) ∗̂ (𝑆̂
𝑛
(𝐵1, 𝐶1, … , 𝐶𝑛), … , 𝑆̂

𝑛
(𝐵𝑛, 𝐶1, … , 𝐶𝑛)) 

 1 1 1( ,...., ) (( ,..., ) ( ,..., )).n n nA A B B C C=    

This shows that ( )( ( )) ,n

n

OD n

nP W X   is a semigroup. 

 We remark here that in this section different kinds of semigroups of terms and tree languages induced by 
order-decreasing transformations are constructed. 
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Results   
 This section is contributed to the embeddability of semigroups derived from the algebra of order-
decreasing full terms into semigroups of tree languages of order-decreasing full terms.  Recall that we call a 

semigroup (𝑆,⋅) can be embedded into a semigroup (𝑀,⨀) if there is a mapping from (𝑆,⋅) to (𝑀,⨀) 
which has a compatible property, always knowns as a homomorphism, and such mapping is injective. 

Theorem 8 The diagonal semigroup ( )( ),n

n

OD

nW X +  can be embedded into the binary comitant  

( )( ) ,n

n

OD n

nW X  .  

Proof For any order-decreasing full term t , the mapping : ( ) ( )n n

n n

OD OD n

n nW X W X  →  can be defined by 
𝜌(𝑡) = (𝑡, … , 𝑡⏟  

𝑛

). It is obvious that   is injective. To show that,  is a homomorphism, we let 

, ( )n

n

OD

ns t W X . Then we have  

𝜌(𝑠 + 𝑡) = 𝜌(𝑆𝑛(𝑠, 𝑡, … , 𝑡)) = (𝑆𝑛(𝑠, 𝑡, … , 𝑡), … , 𝑆𝑛(𝑠, 𝑡, … , 𝑡)⏟                  
𝑛

) = (𝑠,… , 𝑠) + (𝑡, … , 𝑡) = 𝜌(𝑠) + 𝜌(𝑡). 

Therefore, ( )( ),n

n

OD

nW X +  can be embedded into ( )( ) ,n

n

OD n

nW X  . 

Theorem 9 The power diagonal semigroup (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , +̂) can be embedded into 

( )( ( )) ,n

n

OD n

nP W X  . 

Proof We define the mapping : ( ( )) ( ( ))n n

n n

OD OD n

n nP W X P W X  →  by ( ) ( ,..., )

n

A A A =  for all 

( ( ))n

n

OD

nA P W X . Clearly,   is an injective mapping. Furthermore, we have  

𝛾(𝐴+̂𝐵) = 𝛾 (𝑆̂𝑛(𝐴,𝐵, … ,𝐵)) = (𝑆̂𝑛(𝐴,𝐵, … ,𝐵), … , 𝑆̂𝑛(𝐴,𝐵,… ,𝐵)⏟                    
𝑛

) = (𝐴, … ,𝐴)+̂(𝐵, … , 𝐵) = 𝛾(𝐴)+̂𝛾(𝐵). 

We conclude that   is a monomorphism from (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , +̂)  to ( )( ( )) ,n

n

OD n

nP W X  . 

To close this work, we prove that the semigroups of order-decreasing full terms can be embedded into 
the semigroups of tree languages of order-decreasing full terms. 
Theorem 10 The following statements are ture: 

(1) ( ( ), )n

n

OD n

nW X S  is embeddable into (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , 𝑆̂

𝑛), 

(2) ( )( ),n

n

OD

nW X +  is embeddable into (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , +̂), 

(3) ( )( ),n

n i

OD

n xW X   is embeddable into ( ){ }( ( )),n

n i

OD

n xP W X  , 

(4) ( )( ) ,n

n

OD n

nW X   is embeddable into ( )( ( )) ,n

n

OD n

nP W X  . 
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Proof We first show that the statement (1) holds. To do this, we define the mapping  from ( ( ), )n

n

OD n

nW X S to  

(𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , 𝑆̂

𝑛) by ( ) { }t t =  for all order-decreasing full term t  of type n . Clearly,   is injective. 
Moreover, a homomorphism property, i.e., 𝜂(𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛)) = 𝑆̂

𝑛
(𝜂(𝑡), 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) is also valid. In 

fact, we give a proof by induction on the complexity of an order-decreasing full term t . If (1) ( )( ,..., )i nt f x x =  
where nOD  , we have (1) ( ) 1 (1) ( ) (1) ( )( ( ( ,..., ), ,..., )) ( ( ,..., )) { ( ,..., )}n

i n n i n i nS f x x s s f s s f s s      = =  and 

𝑆̂𝑛 (𝜂 (𝑓𝑖(𝑥𝛼(1) , … , 𝑥𝛼(𝑛))) , 𝜂(𝑠1),… , 𝜂(𝑠𝑛)) = 𝑆̂
𝑛({𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))}, {𝑠1},… , {𝑠𝑛}) = {𝑓𝑖(𝑠𝛼(1), … , 𝑠𝛼(𝑛))}. 

This shows that the equation 

𝜂 (𝑆𝑛(𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛)), 𝑠1, … , 𝑠𝑛)) = 𝑆̂

𝑛(𝜂 (𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛))) , 𝜂(𝑠1),… , 𝜂(𝑠𝑛)) 

holds. If 1( ,..., )i nt f t t=  and assume that 𝜂 (𝑆𝑛(𝑡𝑗, 𝑠1, … , 𝑠𝑛)) = 𝑆̂
𝑛
(𝜂(𝑡𝑗), 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) for every 

1 j n  , we have  

1 1 1 1 1 1 1( ( ( ,..., ), ,..., )) { ( ( ,..., ), ,..., )} { ( ( , ,..., ),..., ( , ,..., ))}n n n n

i n n i n n i n n nS f t t s s S f t t s s f S t s s S t s s = =  and 
𝑆̂𝑛 (𝜂(𝑓𝑖(𝑡1, … , 𝑡𝑛)), 𝜂(𝑠1), … , 𝜂(𝑠𝑛)) = 𝑆̂

𝑛({𝑓𝑖(𝑡1, … , 𝑡𝑛)}, {𝑠1}, … , {𝑠𝑛}) 
= {𝑓𝑖(𝑟1 , … , 𝑟𝑛)|𝑟𝑗 ∈ 𝑆̂

𝑛
({𝑡𝑗}, {𝑠1}, … , {𝑠𝑛}), 𝑗 = 1, . . . , 𝑛}. 

Thus,  

𝜂 (𝑆𝑛(𝑓
𝑖
(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛)) = 𝑆̂

𝑛(𝜂 (𝑓
𝑖
(𝑡1, … , 𝑡𝑛)) , 𝜂(𝑠1),… , 𝜂(𝑠𝑛)). Consequently,   is a 

monomorphism from the Menger algebra ( ( ), )n

n

OD n

nW X S  to the algebra (𝑃 (𝑊𝜏𝑛
𝑂𝐷𝑛(𝑋𝑛)) , 𝑆̂

𝑛).  
To prove the statements (2) and (3), we define the mapping   

: ( ) ( ( ))n n

n n

OD OD

n nW X P W X  →  
by 

( ) { }t t =  

for all ( )n

n

OD

nt W X . Obviously,  is an injection. It is not difficult to verify that the following equations are 

satisfied: ( ) ( ) ( )s t s t  + = + and { }( ) ( ) ( )
i ix xs t s t   =  . 

Finally, we prove that (4) is valid. Let 1( ,..., )nt t  be a product of ( )n

n

OD n

nW X . The mapping 
: ( ) ( ( ) )n n

n n

OD ODn n n

n nW X P W X  →  can be defined by 

1 1(( ,..., )) ({ },...,{ })n nt t t t = . 

It is clear that   is injective. The proof of the equation  

1 1 1 1(( ,..., ) ( ,..., )) (( ,..., )) (( ,..., ))n n n nt t s s t t s s   =   
is omitted. 
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Discussion 
 We remark that all semigroups derived from the algebra of order- decreasing full terms obtained in 
Theorems 1-3 can be viewed as a specific case of semigroups induced by the Menger algebra of tree languages 
of order-decreasing full terms given in Theorems 5-7 because a non-deterministic operation 𝑆̂𝑛 maps from the set 
of tree languages of order-decreasing full terms into itself, while an operation nS sends from the set of order-
decreasing full terms into itself. For this reason, it is possible to describe monomorphisms of these structures.  
 
Conclusions 
 In this work, based on the concept of order-decreasing full terms, different binary operations are defined. 
We also prove that these operations are associative and hence the corresponding semigroups are obtained.  In 
general, we consider a power set of ( )n

n

OD

nW X  of order-decreasing full terms whose elements are called tree 
languages of order-decreasing full terms. The fact that a non-deterministic superposition 𝑆̂𝑛 on ( ( ))n

n

OD

nP W X

satisfies the superassociativity is proved in Theorem 5. This leads us to construct semigroups of tree languages of 

order-decreasing full terms under the operation { },
ix+  and  .  Finally, embedding theorems of the semigroups of 

order-decreasing full terms into semigroups of tree languages constructed from order-decreasing full terms are 
discussed.  
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