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Abstract
In this article, we give a definition of the C'T -ideal in a ternary semigroup. We study some interesting
properties of the C'T" -ideal and the relationship between the proper two- sided ideal and the C'T" -ideal. Finally,
we show that if a two-sided ideal A is a regular ternary subsemigroup of a regular ternary semigroup S, then

every C'T -ideal of A isalsoa CT -ideal of S.
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Introduction

The notion of a ternary semigroup generalized the notion of a ternary group and was introduced by Lehmer
(1932) as follows: a ternary semigroup is a non-empty set S together with a ternary operation []: SxS%xS5 — 8,
written as (x,,z,,z,) — [z,2,z,], satisfying the following identity

22,2 )z ] =z [2z,02, 0] =z r22]] foral z,z, 2,5,z €S
Throughout this paper S = (S, ]) denotes a ternary semigroup with respect to the ternary operation [ | unless
otherwise stated. For non-empty subsets A,B and C' of a ternary semigroup S, we denote
[ABC] = {[abc]|a € A,b € B,c € C}.

If A= {a}, we write [{a}BC] as [aBC]. Any other cases can be defined analogously. A non-empty subset A
of a ternary semigroup S is called a ternary subsemigroup (Dixit & Dewan, 1995) of S if [AAA] C A.

Example 1. (Dixit & Dewan, 1995) Let S = {—i,0,i}. Then (S,[ ]) is a ternary semigroup under the multiplication
over complex numbers while (S, ) is not a semigroup under complex numbers multiplication.

The notion of ideal play very important role to study the algebraic structures. Sioson (1965) studied ideal
theory in ternary semigroups as follows: a non-empty subset I of a ternary semigroup S is called a left ( right)
ideal of S if [SSI| C I ([ISS]C I). If I isaleftand arightideal of S, then I is called a two-sided ideal of S.
A two-sided ideal I of a ternary semigroup S is said to be proper if I = S. A proper two-sided ideal I of a
ternary semigroup S is said to be maximal if for any two-sided ideal A of S suchthat I CACS, then I = A
or A = §. Note that the union of two two- sided ideals of S is a two-sided ideal of .S, and the intersection of two
two- sided ideals of 9, if it is non-empty, is a two-sided ideal of S. For any element a of a ternary semigroup S,
the intersection of all two-sided ideals of S containing a of S is called the principal two- sided ideal of S
generated by a and denoted by I(a). Then the principal two-sided ideal generated by a is given by Sioson
(1965), and it is of the form I(a) = {a} U[SSa]U[aSS]U[SSaSS]. Moreover, Sioson (1965) gave the notion of
regular ternary semigroup as follows: a ternary semigroup S is said to be regular if for each a € S, there exist
elements z,y in S such that [azaya] = a.

Fabrici (1984) introduced the concept of the covered ideal of a semigroup, which is a properideal I of a
semigroup S satisfying I C S(S\I)S, and obtained some properties in terms of maximal ideals. In 2016,
Changphas and Summaprab (2016) discussed the structure of ordered semigroups containing covered ideals.
Later, Omidi and Davvaz (2017) discussed the notion of a covered I'-hyperideal and characterized the properties
of covered I'-hyperideal in ordered I'-semihypergroups. Recently, the notion of covered hyperideals was

introduced and discussed in ordered semihypergroups by Ali and Khan (2023). In this article, we introduce the
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concept of covered two-sided ideals (shortly: C'T' -ideals) of ternary semigroups and study the structure of ternary

semigroups containing C'T -ideal.

Methods

In this research, we shall use the methods of proof in mathematics and the concept of covered two sided-
ideal of a ternary semigroup. In this section, we give the definition and examples of covered two- sided ideals of a
ternary semigroup.
Definition 1. A proper two-sided ideal I of a ternary semigroup S is called a covered two- sided ideal (shortly:
CT -ideal) of S it I C[SS(S\ I)]U[(S "\ 1)SS]U[SS(S \, I)SS].
Example 2. Let S ={a,b,c,d,e}. Define the ternary operation [] on S by, for all z,,z €S,

[xyz] = x % (y * z) where x is the binary operation on S defined by:

x la b ¢ d e
a|la b a d a
b la b a d a
cla b a d a
dla b a d a
ela b a d a

Then (S,[ ]) is a ternary semigroup (Kar et al., 2020). We have {a,b,d}, {a,b,c,d}, {a,b,d,e} and S are two-
sided ideals of S, and we have {a,b,d} isa CT -ideal of S. But {a,b,c,d} and {a,b,d,e} are not CT -ideals
of S.

Example 3. Let S ={0,a,b,c,1}. Define the ternary operation [] on S by, for all z,y,z €S,

[zyz] = x % (y * z) where x is the binary operation on S defined by:

* |0 a b ¢ 1
0|0 0 0 0 O
a |0 0 0 a a

0O 0 b b b
c |0 0 b ¢ ¢
1170 a b ¢ 1

Then (S,[ ]) is a ternary semigroup (Bashir & Shabir, 2009). We have {0}, {0,a}, {0,0}, {0,a,b}, {0,a,b,c}

and S are two-sided ideals of S, and {0}, {0,a}, {0,0}, {0,a,b} and {0,a,b,c} are CT -ideals of S. Note

~
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that the union and the intersection of two C'T" -ideals of a ternary semigroup S isa C'T -ideal. Then, we will prove

in the following section.

Results

We begin this section with the following theorem characterizes when a proper two-sided ideal of a ternary
semigroup is nota C'T -ideal.
Theorem 1. Let A and B be any two different proper two-sided ideals of a ternary semigroup S such that
AU B = §. Then none of them is C'T' -ideal of §.
Proof. Let A and B be any two different proper two-sided ideals of S suchthat AU B = S. Since AUB =S,
wehave S\ AC B and S\ BC A. If Aisa CT -ideal of S, it follows that

ACISS(S\ A)JU[(S\ A)SS]U[SS(S \ A)SS] C[SSB]U[BSS|U[[SSB|SS]| € BUBU[BSS]| C B.
Since AUB =S5 and A C B, we obtainthat S = B. This is a contradiction. Thus, A isnota CT -ideal of S.
Similarly, we can show that B is nota CT -ideal of S.
Corollary 2. If a ternary semigroup S contains two or more maximal two-sided ideals, then none of themisa CT
-ideal of S.
Proof. Suppose that A and B are two different maximal two-sided ideals of S. We claim that AU B is a two-
sided ideal of S. Since A and B are two-sided ideals of S, it follows that
[SS(AU B)] C[SSAJU[SSB] C AU B and [(AU B)SS] C[ASS]U[BSS]C AU B.
Hence, AU B is a two-sided ideal of S and A C AU B. Since A is a maximal two-sided ideal of S, we obtain
that AU B = S. Thus, by Theorem 1, neither A nor B isa CT -ideal of S.
Theorem 3. Let A and B be two any C'T -ideals of a ternary semigroup S suchthat AU B = S. Then AUB
isa CT -ideal of S.
Proof. From Corollary 2, we know that AU B is a two-sided ideal of S. Since AUB = S, then AUB is a
proper two-sided ideal of §. We will show that AU B isa CT -ideal of S. By assumption, we have
AC[SS(S\A)JU[(S\ A)SSIU[SS(S\ A)SS] and B C[SS(S\ B)]U[(S \ B)SS]U[SS(S \ B)SS].

Let a€ AUB. If a€A we have ac€ACI[SS(S\A)JU[(S\ A)SS]U[SS(S\ A)SS], and so
a €SSz, |U[z,SS]U[SSz,SS] for some x,,z,,x, € S\ A Now, we consider eight following cases:

12720
Case 1: ,,7,,7, € S\ (AU B). We obtain that
a € [S5z,)U[x,55]U[SSz,SS] C [SS(S\ (AU B))JU[(S\ (AU B))SS]U[SS(S \ (AU B))SS].
.2, €(S\A)NB. Then z,,z,,z, € B. We have

z,3,,x, € B C[SS(S\ B)U[(S\ B)SS]U[SS(S \ B)SS].

1777273

Case 2: 7, 7.
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Then there exist Y, v, Y, Y, Ysr Ygs Yrs Yss ¥y €S\ B such that =z €[5Sy |U[y,SS]U[SSy,SS],
z, € [SSy,]U [y, SS]U[SSy,SS] and z, € [SSy.|U[y,SS]U[SSy,SS]. If ¥,,v,,y, €A, we obtain that
z, € [SSy,]U[y,55]U[SSy,S5] C [SSAJU[ASS]U[SSASS] C AU AU[ASS] C A. Thus, z, € A, which is
a contradiction as z, € S\ A. Hence, y,,%,,y, €5\ A. Similarly, we obtain that y,, v, v, ..y, ¥, €5\ A.
ThUS, Y3 Yy Yss Uys Usy Yo Yo Y Yy € (SN A)N(S\ B) =S5\ (AU B). We consider

€ [SSz,| U [2,55] U [SSz,SS]

C [SS115S,] U [y, 5] U155y, 5511 U188y, Uly, S5 LSSy, SSTISS] UISSTISSy, ] Uly, 58] UISSy,SSTIS S

= [[99S]Sy,] U [SSy,SS]U[[SSS]9y,5S] U[SSy ,SS] Uy, S[SSS]] U[SSy S[SSS]]

U[[S55]Sy.SS| U [SSy, S[SSS| U [[SSS]Sy,S[SSS]]

C [SSy,] U [SSy,SS]U[SSy,SS1U[SSy,SS] Uy, SS] U[SSy SS]U[SSy.SS] U[SSy SSTU[SSy S S

C[SS(S\(AUB))U[SS(S\ (AUB))SSIU[SS(S\ (A UB))SS]U[SS(S\ (A UB))SS] U[(S\ (A UB))SS]

USS(S \ (AU B))SS]U[SS(S \ (AU B))SSTU[SS(S \ (AU B))SS]U[SS(S \ (AU B))SS]
=[SS(S\ (AUB))JU[(S\ (AUB))SS]U[SS(S\ (AUB))SS].
Case 3: z,,7, €S\ (AUB)and z, € (S\ A)N B. Since z, € B, we have that z,z2,,2, € S\ B
such that z, €[9Sz U [2,55]U[S52,55]. If z,,2,,2, € A, then
z, € [SS82|U[2,55]U[552,55] C[SSA]U[ASS|U[SSASS] C AU AU[ASS] C A

Thus, z, € A, which is a contradiction as =z, € S\ A Hence, z,z,,2z, €S\ A So, we obtain that
2,2,,2, €(S\A)N(S\B)=5\(AUB). Thus,

a € [S52,]U [2,55] U [SSz,S9]
C[SS(S\ (AU B))U[(S\ (AU B))SS] U[SS[[SSz,] U[2,55] U[SSz,55]]SS]
— [SS(S\ (AUB)) U[(S\ (AU B))SS] U[[SSS]Sz,55] U[SS2,S]555]] U[[SSS]Sz,S[SSS]]
C[SS(S\ (AU B))JU[(S\ (AU B))SS] U[SS2,55] U[SS2,55] U[SSz,S5]
]

)
C[SS(S\(AUB))U[(S\ (AUB))SSTU[SS(S \ (AUB))SS]U[SS(S \ (A UB))SS]U[SS(S \ (A UB))SS]
=[SS(S\ (AUB))JU[(S\ (AUB))SS]U[SS(S\ (AUB))SS].

Case 4: z,7, € S\ (AU B) and z, € (S \ A) N B. Then this similar to case 3.

Case 5: z,,z, € S\ (AU B) and z, € (S\ A)N B. Then this similar to case 3.

Case 6: z, € S\ (AUB) and m,,z, € (S \ A)N B. Then this similar to case 3.

Case 7: x, € S\ (AU B) and z,,z, € (S \ A)N B. Then this similar to case 3.

Case 8: z, € S\ (AU B) and z,z, € (S \ A)N B. Then this similar to case 3.
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In all these cases, we obtain that a € [SS(S \ (AU B))]U[(S \ (AU B))SS]U[SS(S \ (AU B))SS], and so
AC[SS(S\(AUB))UI(S\(AUB))SS]U[SS(S \ (AU B))SS]. Similarly, we can show that if a € B,
then B C[SS(S\ (AU B))JU[(S\ (AU B))SS]U[SS(S \ (AU B))SS]. Hence,
AUB C[SS(S\(AUB))JU[(S\ (AU B))SS]U[SS(S \ (AU B))SS].
This shows that AU B isa CT -ideal of S.
Theorem 4. Let A be a two-sided ideal of a ternary semigroup S and B be a CT -ideal of S. Then AN DB is a
CT -ideal of S.
Proof. Let z,y € A and z € B. To show that AN B isa CT -ideal of S. Since A and B are two-sided ideals
of S, we have [zyz] € [AAB] C[SSB] C B and [zyz] € [AAB] C[ASS] C A. Thus, [zyz] € AN B, and
so @=ANBCS. Next, we consider [SS(ANB)]C[SSA]C A and [SS(ANB)]C[SSB]C B.
Similarly, [(AN B)SS]C[ASS]C A and [(ANB)SS]C[BSS]C B. Thus, [SS(ANB)]C ANB and
[(AN B)SS] C AN B Hence, AN B is a two sided-ideal of S. Since B isa CT -ideal of S, then AN B is
a proper two sided-ideal of S and so
ANBC BC[SS(S\ B)U[(S\ B)SS]U[SS(S \ B)SS]
C[SS(S\(ANB))JU[(S\ (AN B))SSJU[SS(S \ (AN B))SS].
Hence, AN B isa CT -ideal of S.
The next corollary is an immediate consequence of Theorem 4 since every CT-ideal is a two sided ideal.
Corollary 5. If A and B are CT -ideals of a ternary semigroup S, then AN B isa CT -ideal of S.
Theorem 6. If A is a two-sided ideal of a ternary semigroup S such that A C [SSz|U [zSS]U[SSzSS] and
A = [SSzx|U[2SS]U[SSzSS] for some z € S, then A isa CT -ideal of S.
Proof. Assume that A is a two-sided ideal of a ternary semigroup S such that A C [SSz] U [255]U[SSzSS] and
A = [SSz]U[2SS]U[SSzSS] for some z € S. If z € A, then
A C[SSz]U[zSS|U[SSxSS] C[SSAJU[ASS]U[[SSAJSS] C AU AU[ASS|C A

Thus, A = [SSz]U [2SS]U[SSzSS], which is a contradiction. Hence, = € S\ A, and so

A C[SSz]U[xSS]U[SSzSS] C[SS(S \ A)JU[(S \ A)SS]U[SS(S \ A)SS].
Therefore, A isa CT -ideal of S.
Corollary 7. A ternary semigroup S in which z does not belongs to [SSz] U [25S]U[SSzSS] contains a C'T -
ideal.
Proof. Let A = [SSz|U [25S]U[SSzSS]. We claim that A is a two-sided ideal of S. Consider

[SSA]= [SS][SSz] U[zSS] U[SSzSS]]]

481



eansIneNA1ansyIna TN 28 (RUUN 1) N9IAN — INHEU W.A. 2566

BURAPHA SCIENCE JOURNAL Volume 28 (No.1) January — April 2023 UNAININE

[[SSS]Sz] U [SSzSS]U[[SSS]SzSS]
[SSz]U[SSzSS|U[SSzSS| C A
[[SSz]U[2SS]U[SSzSS]|SS]
[SSzSS|U [2S[SSS]] U [SSzS[SSS]]
C [SSzSS)U[2SS]U[SSzSS] C A.

Then A is a two-sided ideal of S. If & € A, we obtain that

A =[SSz]U[zSS]U[SSzSS] C[SS(S\ A)JU[(S \ A)SS]U[SS(S \ A)SS].
Thus, A isa CT -ideal of S.

N

and [ASS]

Theorem 8. Let S be a ternary semigroup. If S contains proper two- sided ideals such that there is no any two
proper two-sided ideals in which their intersection is empty, then S contains at least one CT -ideal.
Proof. Assume that S contains proper two- sided ideals such that there is no any two proper two-sided ideals in
which their intersection is empty. Then S contains a proper two- sided ideal A. We claim that
B =1[SS(S\ A)]U[(S\ A)SS|U[SS(S \ A)SS] is a two-sided ideal of S. Consider
[SSB]=[SS[[SS(S \ A)JUI[(S \ A)SS]U[SS(S \ A)SS]]

[[SSS]S(S\ A)JU[SS(S \ A)SSTUI[SSS]S(S \ A)SS]

C[SS(S\ A)JUISS(S\ A)SS]U[SS(S \ A)SS]C B
and [BSS]=[[SS(S\ A)]U[(S \ A)SS]U[SS(S \ A)SS]|SS]
[SS(S\ A)SSIU[(S \ A)S[SSS]JU[SS(S \ A)S[SSS]]

C[SS(S\ A)SSTU[(S \ A)SS]U[SS(S\ A)SS| C B.
Then B is a two-sided ideal of S. By assumption, AN B = @. Thus, AN B is a proper two-sided ideal of S.
Since AN B C A, itfollows that S \ A C S\ (AN B), and so

ANBCB=[SS(5\ A)JU[(S\ A)SS]U[SS(S \ A)SS]
C[SS(S\(ANB))|U[(S\ (AN DB))SSJU[SS(S \ (AN B))SS].

This implies AN B isa CT -ideal of S.

Let S be a ternary semigroup. A proper two-sided ideal I of S is called the greatest two-sided ideal of
S if it contains every proper two-sided ideal of S. If a ternary semigroup S contains the greatest two-sided ideal,
we denote it by I". The following theorem characterizes the relationship between the proper two-sided ideal and
the CT -ideal.
Theorem 9. Let S be a ternary semigroup which satisfies just one of the following conditions:

(1) S contains the greatest two-sided ideal I" whichisa CT -ideal of S.
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(2) S is aregular ternary semigroup and for any proper two- sided ideal B and for every principal two-
sided ideal I(a) C B, there exists b € S\ B such that I(a) C I1(b).
Then every proper two-sided ideal of S isa CT -ideal of S.
Proof. Let A be a proper two-sided ideal of S. First, suppose that the condition (1) holds. Then A C I and
S\I CS\ A Since I isa CT -ideal of S, it follows that

ACT C[SS(S\IHU[(S\T)SSJU[SS(S\ I)SS] C[SS(S\ AJUI(S\ ASS|U[SS(S\ A)SS].

Hence, A isa CT -ideal of S.

Secondary, suppose that the condition (2) holds. Clearly, [SSS]C S. Let x € S. Since S is a regular,
then there exists g,z € S such that

r = [zyzzx] = [vyzzeyrze]] = [[zyz][zay][z2x]] € [[SSS][SSS][SSS]] C [SSS].
Thus, S C[SSS] andso S = [SSS]. Next, let B be a proper two-sided ideal of S and a € B. Thus, I(a) C B.
Then there exists b€ S\ B such that I(a)CI(b)CS. Since S=[555], we obtain that
S =[555] = [SS[SSS]] = [SSSSS]. Thus, b =[vz2.2,7.] for some z,xz,,2, 2,7, €S. If 1, €B, it
follows that
b =[zx,x2,1 | €[SSBSS| = [[SSB|SS] C [BSS] C B.
This contradicts to b € S\ B. Hence, 7, € S\ B, and so
b=[zz,zxr|€[SS(S\ B)SS]C[SS(S\ B)|U[(S\ B)SS]U[SS(S \ B)SS].
It follows that I(b) C [SS(S\ B)JU[(S \ B)SS]U[SS(S \ B)SS]. Thus,
a € I(a) CI(b) C[SS(S\ B)JU[(S\ B)SS]U[SS(S \ B)SS].

Hence, B C[SS(S\ B)]U[(S \ B)SS]U[SS(S \ B)SS]. Therefore, B isa CT -ideal of S.

The following example illustrates Theorem 9.

Example 4. Let S ={0,1,2,3,4,5}. Define the ternary operation [] on S by, for al z,y,z€S,

[zyz] = (x x y) x z where * is the binary operation on S defined by:

*x |0 1 2 3 4 5
0/j0 0 O O 0 O
170 1 1 1 1 1
210 1 2 3 1 1
310 1 1 1 2 3
410 1 4 5 1 1
510 1 1 1 4 5
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Then (S,[ ]) is a ternary semigroup (Shabir & Bano, 2008). One can check that S is a regular ternary semigroup.
We have the sets {0} and {0,1} are proper two-sided ideals of S. One can also check that S contains the
greatest two-sided ideal " = {0,1} and I'is a CT -ideal of S. Thus, the proper two-sided ideals {0} and
{0,1} are CT -ideals of S. Moreover, consider the proper two- sided ideal B ={0,1} of S. We have
I(0) = {0} € B and I(1) = {0,1} C B, andthereexists 2 € S\ B suchthat 1(0),(1) C I(2) = S. Thus, B
isa CT -ideal of §.
We now present the main result of this paper.

Theorem 10. Let A be a two-sided ideal of a regular ternary semigroup S. If A is a regular ternary subsemigroup
of S, thenany CT -ideal B of A isalsoa CT -ideal of S.

Proof. Assume that A is a regular ternary subsemigroup of S. Suppose that B is a C'T -ideal of A. We claim
that B is a two- sided ideal of S. Let a € BC A and z,y €5. Then [azy] € [BSS] C[ASS]C A and

[zya) € [SSB] C [SSA]C A. We set a, = [azy] € A and a, =[vya] € A. Since A is a regular ternary

subsemigroup of S, then there exist b,b,,b,,b, € A suchthat a, = [a,ba,b,a,] and a, = [a,b,a,b,a,]. Thus,

a, = [abab,a = [[azyp [azy]b,[azy]]

171717271

€ [[BSS]A[BSS]|ABSS]]
C [[B[SSAJAS[SSS]]
C [[BISSAJ[ASS]]
C [BAA]
CB
and a, = [a,b,a,ba,] = [[zyalp,[zyalp, [zya]]

€ [[SSB]A[SSBJA[SSB]]
C[[SSS]|S[SSA][ASS]B]
C[[SSA][ASS)B]
[AAB

B.

Hence, a,,a, € B. This shows that B is a two- sided ideal of S. Since B is a CT -ideal of A, then
B C[AA(A\ B)]JU[(A\ B)AAJU[AA(A\ B)AA]. Snce BCACS, o=A\BCS\ B. Itfollows that
B C[AA(A\ B)]JU[(A\ B)AAJU[AA(A\ B)AA] C[SS(S\ B)]U[(S \ B)SS]U[SS(S \ B)SS].

Therefore, B isa CT -ideal of S.

N

N
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Example 5. Let S:{a,b,c,d,e}. Define the ternary operation [] on S by, for al z,y,z€S8,

[xyz] = x % (y * z) where x is the binary operation on S defined by:

* a b ¢ d e

al|la a ¢ d a
b la b ¢ d a
cla a ¢ d a
d|la a ¢ d a

e a a ¢ d e
Then (S,[ ]) is a ternary semigroup (Kar et al., 2020). One can check that S is regular. Consider the subset

A= {a, C, d, e} of S. One can also check that A is a two-sided ideal and A is a regular ternary subsemigroup

of S. Moreover, we have B = {a,c,d} isa CT -ideal of A. Thus, by Theorem 10, B is also a C'T -ideal of S.

Discussion

In this research, we present the results for C'T" -ideal of a ternary semigroup. The results of this research
are to extend the results obtained by Fabrici (1984) (semigroups) to ternary semigroups. The notion of C'T -ideal
of a ternary semigroup is a proper two- sided ideal I of a ternary semigroup S such that
IT'C[SS(S\D)]U[(S\ I)SS]U[SS(S\ I)SS], which is a generalization of the notion of covered ideal of a
semigroup (I C S(S \ I)S ). Itis observed that the notion of C'T -ideal of a ternary semigroup is more interesting
than the notion of covered ideal of a semigroup. In our future study, we will extend the notion of C'T' -ideals to the

structure of ordered ternary semigroups.

Conclusions

Analogous to the theory of semigroups, the algebraic structure of ternary semigroups and its related
properties are studied by many mathematicians in various topics. Sioson (1965) studied an ideal theory in ternary
semigroups and defined regular ternary semigroups. Thongkam and Changphas (2015) introduced and studied
the concept of two-sided bases of ternary semigroups. In this research, we study CT" -ideals of ternary semigroups
and investigate some properties of the C'T -ideal and the relationship between the proper two-sided ideal and the
CT -ideal. Finally, we prove in Theorem 10 that every C'T -ideal of a two-sided ideal A such that A is a regular

ternary subsemigroup of a regular ternary semigroup S is also a C'T -ideal of a regular ternary semigroup S.
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