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Abstract
This paper aims to study the generalized solutions of Cauchy-Euler equations of the form
t2y"(t) + aty'(t)+ by (t) =0, and t y”(t)+at y"(t)+bty'(t)+cy(t) =0, where a,b, and care
integers and t € R, using Elzaki transform technique. The solutions are in the space of distributions. Types of

t“H (1)

solutions are in the form of a distributional solution y(t) = §(k)(t) and a weak solution y(t) = — which
k!

depends on the values of a, b, and c.
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Introduction

The differential operator L is defined by

[ d" " d
Lt =ja,(X)——+a, _(X)—+..+a,(x)—+a,(x)|t
L dx dx dx J
(1)
" d"t
=3 a,(x)—
m=0 dX
where the coefficients a, (x) are infinitely differentiable functions.
The solution differential equations are in form
n d m
lt=>Ya, (x)—=r, 2)
m=0 dX
where 7z is an arbitrary known distribution. A distribution t is a solution of (2) if for every test function ¢ , then
(Lt.g)=(r.9). (3)

It is well known that the fundamental solution is the solution for = = 6 (x). In searching for a solution t to the
differential equation (2), the following can be considered

1. The solution t is a sufficiently smooth function, so that the operation in (2) can be performed in the
classical sense, and the resulting equation is an identity. Then t is the classical solution.

2. The solution t is not sufficiently smooth, so that the operation in (2) cannot be performed, but it is
satisfied (3) as a distribution. It is then a weak solution.

3. The solution t is a singular distribution and satisfied (3). It is then a distributional solution.

All these solutions are called generalized solutions, see (Kanwal, 2004).

The integral transform method is widely used to solve several differential equations with initial or
boundary conditions, see (Elzaki & Elzaki , 2011). To solve differential equations, the integral transform is
extensively used, and thus there are several works on the theory and application of integral transforms, such as
the Laplace, Fourier, Mellin, and Hankel, to name but a few. The Laplace transform method plays a worthy role in

solving linear ordinary differential equations and corresponding initial value problems, having the idea of
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replacing operations of calculus on functions with operations of algebra on transforms, see (Elzaki & Elzak, 2011;
Ghil & Kim, 2015). Elzaki’s transform is applied for initial value problems with variable coefficients and for solving
integral equations of convolution type. This transform is a special case of the Laplace transform, see (Alderremy,
2018).

In 2011, T. M. Elzaki and S. M. Elzaki discussed some relationships between the Laplace transform and
the Elzaki transform. They obtained solutions of first and second-order ordinary differential equations using both
transforms and showed that the Elzaki transform is closely connected with the Laplace transform (Elzaki & Elzaki, ,
2011).

In 2013, H. Kim studied the solution of a differential equation with variable coefficients of the second kind
by using the Elzaki Transforms (Kim, 2013).

In 2015, B. Ghil and H. Kim studied solutions of

t*y"(t) +aty'(t) + by (t) = 0 (4)

where a, be Z,and t e R, by using the Laplace transform technique (Ghil & Kim, 2015).
In 2016, H. Kim checked the method to find the basis of the Euler-Cauchy equation by transforming. The
most common form is the second order of the form (4) (Kim, 2016).

In 1999, Kananthai studied the distribution solutions of

thy"(t) + 7y (1) + ty'(t) + my (1) = 0, ©

where m € Z, and t e R . He found that solutions of (5), which are either the distributional solutions or the
classical solutions, depend on the values of m (Kananthai, 1999).

In 2019, S. Jhanthanam et al. studied the generalized solutions of

t7y"(t) +at “y"(t) + bty'(t) + cy (t) = 0, ©

where a, b, c e Z, and t € R, by using the Laplace transform technique. They obtained the solutions of (6),

which are either the distributional solutions or the classical solution, depending on the values of a, b and ¢

(Jhanthanam et al., 2019).
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In 2018, H. Kim et al. studied the distribution solutions of

at *y"(t) + bt 2y ”(t) + cty’(t) + dy (t) = 0, @)

where a,b,c are real constants with a # 0 and t € R . They obtained solutions of (7), which are either the
distributional solutions or the classical solutions (Kim et al., 2018).

In this paper, we study the generalized solutions of Cauchy-Euler equations by using the Elzaki
transforms, for second and third-order. Elzaki transform is one such technique to solve differential equations with
initial conditions and has been effectively used in solving the linear differential equation. The goal of this work is to
determine the solutions to such equations in the space of distributions.

Preliminaries
Before proceeding to our main results, the following definitions, Theorems and concepts are required.
Definition 1 A distribution T is a continuous linear functional on the space & of a real -valued functions with
infinitely and bounded support. The space of all such distribution is denoted by « '
Forevery T € 2 "and ¢ € 7, thevaluethat T actson ¢ is denoted by <T ,¢>. Now ¢ called a test
functionin 7 .
Definition 2 (The Differentiation of Distribution). The k -order derivative of a distribution T , is denote by
<T ‘“,¢>= (71)k<T,¢(k)> forall g e o .
Example 1 Let 6 (t) be the Dirac delta function, then
(6™.6)=(1"(5.6")= (-1)"4" (0).
Definition 3 (The Multiplication of a Distribution by an Infinitely Differentiable Function). Let « (t) be an infinitely
differentiable function. Then, the product of «(t) with any distributon T in o' is defined by
(aT.¢)=(T.ap) foralge o .
Definition 4 Let ¢ be a real number, A€ R and f (t) be a locally integrable function which satisfies the
following condition:
(i) f(t)y=0allt< A;

-t/c

(i) There exists ¢ such that e f (t) is absolutely integrable over R .

The Elzaki transform of f (t) is defined by
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E[f(t)]=T(Q)= uje’”“f(t)dt,

where u e (k,,k,) and k,,k, > 0.
Itis known that if f (t) is continuous, then T (u) is an analytic function on the half-plane Ru) > o,
where o, is an abscissa of absolute convergence for E [f()].

Lemma 1 (Elzaki & Elzaki , 2012), Let T (u) be the Elzaki transform of f (t) such that

(i) uT (—w is @ meromorphic function, with singularities having R(u) < ¢, and
(u)

(i) there exists a circular region with radius R and positive constants M and K with

r (1]

Lu)

K

< MR ~

Then the function f (t) defined by

C+ioo

F() = E T ()] = ZL,,. J‘ e"uT {i—}dt = residues  of {emuT [i—ﬂ (9)

Definition 5 Let ¢ be a real number and f (t) be a distribution satisfying the following properties:

(i) f(t) isaright-sided distribution, thatis f(t) e '
R

(ii) There exists ¢ such that e *'° f (t) is a tempered distribution.

The Elzaki transform f (t) satisfying (ii) is defined by

T)=E[f@)]=(e " ft)Y e * ) (10)

where Y (t) is an infinitely differentiable function with support bounded on the left, which equals to 1 over a

neighborhood of the support of f (t) .

For R(u) < c, the function Y (t)ue ‘) s a testing function in the space of tempered distributions
S and ue ' f(t) isinthe space S'. Equation (10) can be reduced to
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T(u)=E[f(t)]=<f(t),ue’”“>. (11)

Lemma 2 (Kanwal, 2004), Let ¢ (t) be an infinitely differentiable function. Then

(m) _ m (m) _ m-1 (m-1) B _ m-2 m(m _1) (m-2) "
p(t)o (1) =(-1) "¢ (0)o(t)+(-1)" "meg (0)s'(t) + (-1) T @ (0)s "(t) (12)
+ o+ 0 (0)5 ™ (1)
A useful formula that follows from (12), for any monomial @ (t) = t",is

jO, m<n;

ne(m) N

t' o (t) = (_1)n m! §(mfn)(t)’ m > n. (13)
{ (m —=n)!

Theorem 1 (Elzaki et al., 2012), Let T (u) be the Elzaki transform of f (t), E [f (t)] =T (u).Then

T) M

E[f (n)(t)]: u 2-n+k £ Kk (0),

u’ k=0
forne N .
Theorem 2 We can naturally obtain the following results from the definition and simple calculations.

. . d
(i) E[tf (1)]=u® —T (u) = uT (u),
du

T (u)

(i) E[f'()] = - uf (0),

u

iy [t ] = w2 T it 0y |- o[ T e o)),
du l u ) U )

2

2 4 d
(v) E[t*f(t)]=u T (u),
d

uZ
W) E[t’ fr)]=1u" dd - fT(l:)

- f(0) —uf '(0)}

. 3 6 d3 5 ’
(VI)E[t f(t)]:u ST (u)+3u
du du

d’ (T(u)i f (0)

du’( u® u

T (u),

2

wii) E[t* f ()] =u® ~ £'(0) - uf "(0)}
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2

L4 (Tw 1)

du®( u® u

+ 3u

- f’(O)uf”(O))

Proof. For the proof of (i) and (iii), see (Elzaki & Elzaki, 2011), (ii), see (Elzaki, 2011), (v), see (Devi et al., 2017),
(iv) and (vi), see (Abbasbandy & Eslaminasab, 2015) for more details.

Now we show proof for (vii). From (vi) and Theorem 1, we have

3 2

E[f"(t)]+3u’ d —E[f"(1)]
du

3

E[t*f")]=u® d
d

¢ 07 (T 1(0)
du’l u’ u
NPT Z(T(l:)— G f’(O)—uf"(O)W. O

du” u u )

- f'(O)—uf”(O)}

Theorem 3 If f(t) is a piecewise continuous function for t > 0 and has exponential order at infinity with

|f(t)| < Me "“where M is constant, k > 0, then for any real number a > 0,

E[f(t—a)H (t—a)]=e *'"T (u), (14)

where H (t — a) is the Heaviside function and H (0) = 1.

Proof. From (8), we have

-alu

e T(u):efa/“u_[e’wf(s)ds
0

©

uJ'e’(“a)'u f(s)ds.

0

Llett=s+a, weget

-alu

e T () = uje"’“f(t—a)dt

uje"’”f(t— a)H (t — a)dt

0

=E[f(t-a)H (t-a)]. O

al

By the similar way, we have E[H (t —a)]=u’e *'", see (Devi et al., 2017).
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Theorem 4 Let H (t) be the Heaviside function and H (0) = 1, then

EFM :uk*zy (15)
o

where k e N U {0} .

Proof. By equation (11), the desired result was derived.

EFtkH Ol <tkH (t) t,u>
\\ = ,ue

k! k!
U
:—J'tke Yt
ki
k+2
=u

Theorem 5 Let 6 (t) be the Dirac delta function, then

Els @ )]=u"", (16)

where k € N v {0} .
Proof. By (11) and Example 1, it is easy to see that

Els®(t)]= <5(“(t), ue ’““>
-0 (5 uEe)")

1-k

=u“. O

Methods

By taking the Elzaki transform to tzy"(t) + aty’(t) + by (t) = 0 on both sides. Let the solution be in the
form T(u)=u", where r is real constant. Case (i) let r=1-—k where k e N U {0}, for conditions
k+2)k +1) =(k +1)a -b, then T (u)= TR Taking the inverse Elzaki transform to T (u), then

distributional solutions are in the form y(t) = 6 “(t). Case (i) let r =k + 2 where k € N v {0}, for
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conditions k -k’ = ka + b, then T (u)y=u krz Taking the inverse Elzaki transform to T (u), then weak solutions

| tH (1)
are in the form y (t) = .
k!

For third-order Cauchy-Euler equation of the form t3y”’(t) +at’ y"(t) + bty'(t) + cy (t) = 0, the

solutions can be examined in a similar way as for second-order Cauchy-Euler equation.
Results

This section will state our main results and give their proof.

Theorem 6 Consider the second-order Cauchy-Euler equation of the form

t*y"(t) + aty'(t) + by (t) = 0, (17)

where a,b are integersand t € R . Then the solution to (17) is as follows:

() if (k +2)(k +1) = (k +1)a — b, (18)

then the solutions of (17) are distributional solutions in the form §(k)(t) for k e N U {0} ;

(ii) if k—k’=ka+bh, (19)

k

H (1)
k!

Proof. By taking the Elzaki transform to (17) on both sides and using Theorem 2 (iii) and (v), we have

then the solutions of (17) are weak solutions in the form for k e N U {0}.

E [tzy"(t)] +aE[ty'(t)]+bE[y(t)]=0

ut S Z(T(f)— y(O)—uy’(O)haruzd—(T(u)—uy(O))—U(T(u)—uy(Om+bT (u)=0
du u ) L du { u J L u )J
uT"(u)+(a—-4)uT'(u)+ (b —2a+6)T (u) = 0. (20)

Let the solution of (20) be in the form T (u) = u " where r is a real constant.
Substituting T (u), T'(u) and T "(u) in to (20) yields

e
28
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Il
o

r(r-Du’ +(a-4)ru" +(b-2a+6)u’
(21)

I
o

r2+(a—5)r+b—2a+6

Now, we consider case (i), r =1—-k where k e N U {0}. Then (21) becomes

(1-k) +(a-5)(1-k)+b-2a+6=0
(k +1)(k + 2) = (k +1)a — b. (22)

Thus the solution of (20) is T (u) = u ™ fork e N U {0} . By taking the inverse Elzaki transform to T (u) and

by Theorem 5, we obtain the solution of (17) are distributional solutions in the form

y(t) =5 (t) (23)

for k e N U {0}.

Finally, we consider case (ii), r = k + 2 where k e N U {0}. Then (21) becomes

(k+2) +(a-5)(k+2)+b-2a+6=0
k -k’ =ka-+b. (24)

+

Thus the solution of (20)is T (u) = u K2 fork e N U {0}. By taking the inverse Elzaki transformto T (u) and

by Theorem 4, we obtain the solution of (17) are weak solutions in the form

t“H (1)
y(t) = (25)
k!
fork e N U {0}. ]
Example 2 From Theorem 6, if a = 3 and b = 1, then (17) becomes
t?y"(t) + 3ty’(t) + y(t) = 0. (26)
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It follows form of (18), then the solution of (26) is

y(t) =6 (1).

Example 3 From Theorem 6, if a = 21 and b =100, then (17) becomes

t2y"(t) + 21ty’(t) + 100y (t) = 0.

It follows form of (18), then the solution of (28) is

y(t) =5 ().

Example 4 From Theorem 6, if a = —1 and b =1, then (17) becomes

t?y"(t) —ty'(t) + y(t) = 0.

It follows form of (19), then the solution of (30) is

y(t) = tH (t).

Example 5 From Theorem 6, if a = —3 and b = 3, then (17) becomes

t’y"(t) - 3ty'(t) + 3y(t) = 0

It follows form of (19), then the solution of (32) is

t*H (t
y(t) = ().
3!

UNANNIAE

(30)
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Theorem 7 Consider the third order Cauchy-Euler equation of the form

t2y"(t) + at y"(t) + bty'(t) + cy (t) = O, (34)
where a,b, ¢ areinteger andt € R . Then the solution to (34) is a follows:
(i) if (k +3)(k +2)(k +1) = (k + 2)(k +1)a— (k +1)b + ¢, (35)
then the solutions of (34) are distributional solutions in the form &’ (t) for k e N U {0};
(i) if k (k-2)(k —1) = -k (k —1)a — kb —c, (36)
. _ tH (1)
then the solutions of (34) are weak solutions in the form for k e N u {0}.
k!
Proof. By taking the Elzaki transform to (34) on both sides and using Theorem 2 (iii), (v) and (vii), we have
E [ﬁy"'(t)] +aE [tzy"(t)J +bE[ty'(t)] + cE[y(t)]=0
d’ (T() y(0) d* (T(u) y(0)
u’ J —— - y'(0) - uy"(om 3u° — f —— - y'(0) - uy"(O)W
du”{ u u ) du” u u )
d? (T (u [ d (T(u T (u 1
+au’ J (2) —y© —uy© |+ bjut T o)) - Ty (o) ]| et @)= 0
du ) L d u ) L u )J
ulT "(u)+ (a—-6)u’T"(u)+ (18 —4a+b)uT’(u) + (6a—2b+c—24)T (u) = 0. (37)
Let solution of (37) be in the form T (u) = u", where r is real constant.
Substituting T (u), T'(u), T"(u) and T "(u) into (36) leads to
r(r=1)(r=2)u’ +(a-6)r(r—-1)u’" + (18 —-4a+b)ru" +(6a—2b+c—-24)u' =0
rP+(@-9)r’+(26-5a+b)r+6a—2b+c-24=0 (38)

Now, we consider case (i), r =1 -k where k e N U {0}. Then (38) becomes
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1-K)} +(a-9)1-k) +(26-5a+b)(l-k)+6a-2b+c—-24=0
(k +3)(k+2)(k+1) = (k + 2)(k +1)a — (k + 1)b + c. (39)

Thus the solution of (37)is T (u) = ut ™ fork e N U {0}. By taking the inverse Elzaki transformto T (u) and

by Theorem 5, we obtain the solution of (34) are distributional solutions in the form

y(t)y=8"“) (40)

for k e N U {0} .

Finally, we consider case (ii), r = k + 2 where k € N u {0}. Then (38) becomes

(k+2) +(a-9)(k+2)°+(26-5a+b)(k+2)+6a-2b+c-24=0
k (k—2)(k-1)=—k(k —1)a— kb —c. (41)

Thus the solution of (37)is T (u) = u ke ,for k e N U {0}. By taking the inverse Elzaki transformto T (u) and

by Theorem 4, we obtain the solution of (34) are weak solutions in the form

t“H (1)
y(t) = (42)
k!
fork e N U {0} . ]
Example 6 From Theorem 7,if a = 9,b =19 and ¢ = 8, then (34) becomes
t°y"(t) + 9t y"(t) +19ty’(t) + 8y (t) = 0. (43)
It follows form of (35), such that the solution of (43) is
y(t) = 5'(t). (44)

The solution is similar as example 4 of S. Jhanthanam (Jhanthanam et al., 2019).
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Example 7 From Theorem 7,if a = 8, b =9 and ¢ = -9, then (34) becomes
thy"(t) + 8t y"(t) + 9ty'(t) - 9y(t) = O. (45)
It follows form (35) and (36) that its solutions are
y(t) =¢6"(t) and y(t) =tH (). (46)
The solution is similar as example 4 of S. Jhanthanam (Jhanthanam et al., 2019).

Discussion

We study the generalized solutions of t2y"(t) + aty'(t) + by (t) = 0, where a,b are integers and
t € R, using Elzaki Transform technique. We find types of solutions depending on the values of a and b, also
we have a distributional solution for (k + 2)(k +1) = (k +1)a -b, and a weak solution for k - k “=ka +b,
where ke N u{0}. Moreover, we study the generalized solutions of
tPy"(t)+at y"(t) + bty'(t) + cy (t) = 0, where a, b and care integer and te R . We find types of
solutions depending on the values of a,b and c¢, also we have a distributional solution for
(k +3)(k +2)(k +1) = (k +2)(k +1)a -(k +1)b +c, and a weak solution for

k(k -2)(k -1) =-k(k -1)a -kb -c, where k e N U {0} . The solutions are in the form of a distributional

k

0 t H (1)
K1

solution y(t) =6 '(t) and a weak solution y(t) = . The solution is similar as S. Jhanthanam

(Jhanthanam et al., 2019), and H. Kim et al. (Kim et al., 2018) which gave the generalized solutions of the third-
order Cauchy-Euler equation using Laplace Transform technique. In the future, we will devote our attention to the

solutions of the nth-order Cauchy-Euler equation.

Conclusions

We used the Elzaki transform technique to find the generalized solutions of the second and third-order
Cauchy-Euler equations of t°y”(t)+ aty’(t)+by (t) =0, and t’y"(t)+ at’y”(t) + bty'(t) + cy (t) = 0,
where a, b and c are integers and t € R . Then, we applied the inverse Elzaki transform to the derived
solutions. We found the conditions of a, b, and ¢ for the case of a distributional solution and a weak solution. It is

anticipated that our findings may encourage further research in this field.
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