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บทคัดย่อ 
บทความนีม้ี วัตถุประสงค์เพื่ อศึกษาผลเฉลยวางนัยทั่วไปของสมการโคชี -ออยเลอร์ที่อยู่ในรูปแบบของ 
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23

 tcytybttyattyt  เมื่อ ba , และ c  เป็นจ านวนเต็ม 
และ Rt  โดยใช้เทคนิคการแปลงเอลซากิ ผลเฉลยที่ได้จะอยู่ในปริภูมิดิสทริบิวชัน ชนิดของผลเฉลยอยู่ในรูปแบบผล
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  โดยชนิดของผลเฉลยขึน้อยู่กับเง่ือนไขค่าของ 

ba , และ c   
 

ค าส าคัญ  :  สมการโคชี-ออยเลอร์ ; ฟังก์ชนัไดแรคเดลต้า ; การแปลงเอลซากิ ; ผลเฉลยวางนยัทัว่ไป 

 
Abstract 

 This paper aims to study the generalized solutions of Cauchy-Euler equations of the form 
,0)()()(
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 tbytyattyt  and ,0)()()()(
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 tcytybttyattyt  where ,, ba  and c are 

integers and ,Rt   using Elzaki transform technique. The solutions are in the space of distributions.  Types of 

solutions are in the form of a distributional solution ( )
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k
y t t  and a  weak solution ( )
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depends on the values of ,, ba  and .c  
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Introduction  
The differential operator L  is defined by 
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where the coefficients )( xa

n
 are infinitely differentiable functions. 

The solution differential equations are in form 
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where   is an arbitrary known distribution.  A distribution t  is a solution of (2) if for every test function  , then 
 

                             .,,  Lt                (3) 
 

It is well known that the fundamental solution is the solution for ).( x   In searching for a solution t  to the 
differential equation (2), the following can be considered 

1. The solution t  is a sufficiently smooth function, so that the operation in (2) can be performed in the 
classical sense, and the resulting equation is an identity. Then t  is the classical solution. 

2. The solution t  is not sufficiently smooth, so that the operation in  (2) cannot be performed, but it is  
satisfied (3) as a distribution. It is then a weak solution. 

3. The solution t  is a singular distribution and satisfied (3). It is then a distributional solution. 
All these solutions are called generalized solutions, see (Kanwal, 2004). 

The integral transform method is widely used to solve several differential equations with initial or 
boundary conditions, see (Elzaki & Elzaki , 2011). To solve differential equations, the integral transform is 
extensively used, and thus there are several works on the theory and application of integral transforms, such as 
the Laplace, Fourier, Mellin, and Hankel, to name but a few. The Laplace transform method plays a worthy role in 
solving linear ordinary differential equations and corresponding initial value problems, having the idea of 
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replacing operations of calculus on functions with operations of algebra on transforms, see (Elzaki  & Elzak , 2011; 
Ghil & Kim, 2015). Elzaki’s transform is applied for initial value problems with variable coefficients and for solving 
integral equations of convolution type. This transform is a special case of the Laplace transform, see (Alderremy, 
2018). 

In 2011, T. M. Elzaki and S. M. Elzaki discussed some relationships between the Laplace transform and 
the Elzaki transform. They obtained solutions of first and second-order ordinary differential equations using both 
transforms and showed that the Elzaki transform is closely connected with the Laplace transform (Elzaki & Elzaki, , 
2011).  

In 2013, H. Kim studied the solution of a differential equation with variable coefficients of the second kind 
by using the Elzaki Transforms (Kim, 2013).  

In 2015, B. Ghil and H. Kim studied solutions of  
 
                  0)()()(

2
 tbytyattyt                  (4) 

 
where   ,, Zba  and R,t  by using the Laplace transform technique (Ghil & Kim, 2015). 

In 2016, H. Kim checked the method to find the basis of the Euler-Cauchy equation by transforming. The 
most common form is the second order of the form (4) (Kim, 2016). 

In 1999, Kananthai studied the distribution solutions of  
 

              ,0)()()()(
23

 tmytyttyttyt                                       (5) 
 

where ,Zm   and Rt . He found that solutions of (5), which are either the distributional solutions or the 
classical solutions, depend on the values of m  (Kananthai, 1999). 

In 2019, S. Jhanthanam et al. studied the generalized solutions of  
 
           ,0)()()()(

23
 tcytybttyattyt                          (6) 

 
where   ,,, Zcba  and R,t  by using the Laplace transform technique. They obtained the solutions of (6), 
which are either the distributional solutions or the classical solution, depending on the values of ba ,  and c  
(Jhanthanam et al., 2019). 
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In 2018, H. Kim et al. studied the distribution solutions of  
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 tdytycttybttyat                          (7) 
 

where cba ,, are real constants with 0a  and Rt . They obtained solutions of (7), which are either the 
distributional solutions or the classical solutions (Kim et al., 2018).  

In this paper, we study the generalized solutions of Cauchy-Euler equations by using the Elzaki 
transforms, for second and third-order. Elzaki transform is one such technique to solve differential equations with 
initial conditions and has been effectively used in solving the linear differential equation. The goal of this work is to 
determine the solutions to such equations in the space of distributions. 
Preliminaries 

Before proceeding to our main results, the following definitions, Theorems and concepts are required. 
Definition 1 A distribution T  is a continuous linear functional on the space D of a real -valued functions with 
infinitely and bounded support. The space of all such distribution is denoted by .D   
 For every T D  and   ,D  the value that T  acts on   is denoted by .,T  Now   called a test 
function in D . 
Definition 2 (The Differentiation of Distribution). The k -order derivative of a distribution ,T is denote by   

                )()(
,)1(,

kkk
TT    for all  D . 

Example 1 Let )( t  be the Dirac delta function, then 
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Definition 3 (The Multiplication of a Distribution by an Infinitely Differentiable Function). Let )( t  be an infinitely 
differentiable function. Then, the product of )( t  with any distribution T  in D   is defined by 

 ,, TT      for all  D . 
Definition 4 Let c  be a real number, RA  and  )( tf  be a locally integrable function  which satisfies the 
following condition: 

(i) 0)( tf  all At  ; 
 (ii) There exists c  such that )(

/
tfe

ct  is absolutely integrable over R . 
 The Elzaki transform of )( tf  is defined by 
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 It is known that if )( tf  is continuous, then )(uT  is an analytic function on the half-plane ,R(u)
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a
  is an abscissa of absolute convergence for  )( tfE . 
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Definition 5 Let c  be a real number and )( tf  be a distribution satisfying the following properties: 

(i)  )( tf  is a right-sided distribution, that is )( tf
R

D  . 

 (ii) There exists c  such that )(
/

tfe
ct  is a tempered distribution. 

The Elzaki transform )( tf  satisfying (ii) is defined by 
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where )( tY  is an infinitely differentiable function with support bounded on the left, which equals to 1 over a 
neighborhood of the support of )( tf . 
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Lemma 2 (Kanwal, 2004), Let )( t  be an infinitely differentiable function. Then 
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A useful formula that follows from (12), for any monomial  n
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Theorem 1 (Elzaki et al., 2012), Let )(uT  be the Elzaki transform of )( tf ,    )()( uTtfE  . Then  
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Theorem 2 We can naturally obtain the following results from the definition and simple calculations. 
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Proof. For the proof of (i) and (iii), see (Elzaki  & Elzaki, 2011), (ii), see (Elzaki, 2011), (v), see (Devi  et al., 2017), 
(iv) and (vi), see (Abbasbandy & Eslaminasab, 2015) for more details. 

Now we show proof for (vii). From (vi) and Theorem 1, we have 
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Theorem 3 If )( tf  is a piecewise continuous function for 0t  and has exponential order at infinity with 
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Theorem 4 Let  )( tH  be the Heaviside function and ,1)0( H  then 
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Proof. By equation (11), the desired result was derived. 
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Theorem 5 Let )( t  be the Dirac delta function, then 
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 For third-order Cauchy-Euler equation of the form ,0)()()()(
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 tcytybttyattyt the 
solutions can be examined in a similar way as for second-order Cauchy-Euler equation. 
 
Results 
This section will state our main results and give their proof. 
Theorem 6 Consider the second-order Cauchy-Euler equation of the form 
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 (ii) if          2

,k k ka b                (19) 
 

     then the solutions of (17) are weak solutions in the form ( )

!

k
t H t

k
 for }0{ Nk . 

Proof. By taking the Elzaki transform to (17) on both sides and using Theorem 2 (iii) and (v), we have  
 

             
2

( ) ( ) ( ) 0E t y t aE ty t bE y t     
 

     

           0)()0(
)(

)0(
)(

)0()0(
)( 2

22

2

4




































 ubTuy

u

uT
uuy

u

uT

du

d
uayuy

u

uT

du

d
u   

           2
( ) ( 4 ) ( ) ( 2 6 ) ( ) 0 .u T u a u T u b a T u                                        (20) 

 
Let the solution of (20) be in the form r

uuT )( where r  is a real constant. 
Substituting )(),( uTuT  and )(uT   in to (20) yields 
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    ( 1) ( 4 ) ( 2 6 ) 0
r r r

r r u a ru b a u            
               2

( 5 ) 2 6 0r a r b a      .                         (21) 
 

Now, we consider case (i), 1r k   where }.0{ Nk  Then (21) becomes 
 

           2
(1 ) ( 5 )(1 ) 2 6 0k a k b a            

                                    ( 1)( 2 ) ( 1) .k k k a b                               (22) 
 

Thus the solution of (20) is 1
( ) ,

k
T u u


 for }0{ Nk . By taking the inverse Elzaki transform to ( )T u  and 

by Theorem 5, we obtain the solution of (17) are distributional solutions in the form 
 

             ( )
( ) ( )

k
y t t                               (23) 

 
for }0{ Nk . 
Finally, we consider case (ii), 2r k   where }.0{ Nk Then (21) becomes 
 

         2
( 2 ) ( 5 )( 2 ) 2 6 0k a k b a             

                                                2
.k k ka b                                  (24) 

 
Thus the solution of (20) is 2

( ) ,
k

T u u


 for }.0{ Nk  By taking the inverse Elzaki transform to ( )T u  and 
by Theorem 4, we obtain the solution of (17) are weak solutions in the form 
 

               ( )
( )

!

k
t H t

y t
k

                  (25) 

 
for }0{ Nk .                     
 
Example 2 From Theorem 6, if  3a  and 1b  , then (17) becomes 
 

      2
( ) 3 ( ) ( ) 0 .t y t ty t y t                                   (26) 
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It follows form of (18), then the solution of (26) is 

          ( ) ( ).y t t              (27) 
 

Example 3 From Theorem 6, if 21a  and 100b  , then (17) becomes 
 

           2
( ) 2 1 ( ) 1 0 0 ( ) 0 .t y t ty t y t                         (28) 

 
It follows form of (18), then the solution of (28) is 
 

          ).()(
)9(

tty                      (29) 
 
Example 4 From Theorem 6, if 1a  and 1b , then (17) becomes 
 

                       2
( ) ( ) ( ) 0 .t y t ty t y t                                                          (30) 

 
It follows form of (19), then the solution of (30) is 
 

          ( ) ( ) .y t tH t                     (31) 
 

Example 5 From Theorem 6, if 3a  and ,3b  then (17) becomes 
 

                ,0)(3)(3)(
2

 tytyttyt                                   (32) 
 

It follows form of (19), then the solution of (32) is 
 

          
3

( )
( ) .

3 !

t H t
y t                      (33) 
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Theorem 7 Consider the third order Cauchy-Euler equation of the form 
 
           ,0)()()()(

23
 tcytybttyattyt                                   (34) 

 
where cba ,,  are integer and Rt . Then the solution to (34) is a follows: 
 
 (i) if           ( 3)( 2 )( 1) ( 2 )( 1) ( 1) ,k k k k k a k b c                          (35) 
  

then the solutions of (34) are distributional solutions in the form ( )
( )

k
t  for }0{ Nk ; 

 
 (ii) if       k ( 2 )( 1) ( 1) ,k k k k a kb c                         (36)  
 

 then the solutions of (34) are weak solutions in the form ( )

!

k
t H t

k
 for }0{ Nk . 

Proof. By taking the Elzaki transform to (34) on both sides and using Theorem 2 (iii), (v) and (vii), we have  
 

              
3 2

( ) ( ) ( ) ( ) 0E t y t aE t y t bE ty t cE y t        
   

 

           
















 )0()0(

)0()(
3)0()0(

)0()(

32

2

5

33

3

6
yuy

u

y

u

uT

du

d
uyuy

u

y

u

uT

du

d
u  

           


































 )0(

)(
)0(

)(
)0()0(

)( 2

22

2

4
uy

u

uT
uuy

u

uT

du

d
ubyuy

u

uT

du

d
au ( ) 0cT u   

            3 2
( ) ( 6 ) ( ) (1 8 4 ) ( ) (6 2 2 4 ) ( ) 0 .u T u a u T u a b u T u a b c T u                     (37) 

 
Let solution of (37) be in the form ( ) ,

r
T u u where r  is real constant. 

Substituting )(),(),( uTuTuT  and )(uT   in to (36) leads to 
 

( 1)( 2 ) ( 6 ) ( 1) (1 8 4 ) (6 2 2 4 ) 0
r r r r

r r r u a r r u a b ru a b c u               
 3 2

( 9 ) ( 2 6 5 ) 6 2 2 4 0r a r a b r a b c                                         (38) 
 

Now, we consider case (i), 1r k   where }.0{ Nk Then (38) becomes 
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3 2
(1 ) ( 9 )(1 ) ( 2 6 5 )(1 ) 6 2 2 4 0k a k a b k a b c               

                                       ( 3)( 2 )( 1) ( 2 )( 1) ( 1) .k k k k k a k b c                   (39) 
 

Thus the solution of (37) is 1
( ) ,

k
T u u


 for }.0{ Nk By taking the inverse Elzaki transform to ( )T u  and 

by Theorem 5, we obtain the solution of (34) are distributional solutions in the form 
 
                                         ( )

( ) ( )
k

y t t              (40) 
 

for }0{ Nk . 
Finally, we consider case (ii), 2r k   where }.0{ Nk  Then (38) becomes 
 

3 2
( 2 ) ( 9 )( 2 ) ( 2 6 5 )( 2 ) 6 2 2 4 0k a k a b k a b c                 

            k ( 2 )( 1) ( 1) .k k k k a kb c                  (41) 
 

Thus the solution of (37) is 2
( ) ,

k
T u u


 for {0} .k N   By taking the inverse Elzaki transform to ( )T u  and 

by Theorem 4, we obtain the solution of (34) are weak solutions in the form 
 

          ( )
( )

!

k
t H t

y t
k

              (42) 

 
for }0{ Nk .                     
 
Example 6 From Theorem 7, if 9 , 1 9a b   and 8 ,c   then (34) becomes 
 
           3 2

( ) 9 ( ) 1 9 ( ) 8 ( ) 0 .t y t t y t ty t y t                                        (43) 
 

It follows form of (35), such that the solution of (43) is 
 

          ( ) ( ) .y t t                      (44) 
 

The solution is similar as example 4 of S. Jhanthanam (Jhanthanam et al., 2019). 
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Example 7 From Theorem 7, if 9,8  ba  and 9 ,c    then (34) becomes 
 
             3 2

( ) 8 ( ) 9 ( ) 9 ( ) 0 .t y t t y t ty t y t                    (45) 
 

It follows form (35) and (36) that its solutions are 
 

          ( ) ( )y t t    and  ).()( ttHty             (46) 
 

The solution is similar as example 4 of S. Jhanthanam (Jhanthanam et al., 2019). 
 
Discussion 

We study the generalized solutions of  ,0)()()(
2

 tbytyattyt  where ba ,  are integers and 
,Rt  using Elzaki Transform technique. We find types of solutions depending on the values of a  and ,b  also 

we have a distributional solution for b,-1)a+(k = 1)+2)(k+(k  and a  weak solution for b,+ka =k-k
2  

where }0{ Nk . Moreover, we study the generalized solutions of 
,0)()()()(

23
 tcytybttyattyt  where ba ,  and c are integer and Rt . We find types of 

solutions depending on the values of ba ,  and ,c  also we have a distributional solution for 
c,+1)b+(k-1)a+2)(k+(k = 1)+2)(k+3)(k+(k  and a weak solution for 

c,-kb-1)a-k(k- =1)-2)(k-k(k  where }0{ Nk . The solutions are in the form of a distributional 

solution ( )
( ) ( )

k
y t t  and a  weak solution ( )

( )
!

k
t H t

y t
k

 . The solution is similar as S. Jhanthanam 

(Jhanthanam et al., 2019), and H. Kim et al. (Kim et al., 2018) which gave the generalized solutions of the third-
order Cauchy-Euler equation using Laplace Transform technique. In the future, we will devote our attention to the 
solutions of the nth-order Cauchy-Euler equation. 
 
Conclusions  

We used the Elzaki transform technique  to  find the generalized solutions of  the second and  third-order  
Cauchy-Euler equations of ,0)()()(

2
 tbytyattyt  and ,0)()()()(

23
 tcytybttyattyt  

where ba ,  and c are integers and Rt . Then, we applied the inverse Elzaki transform to the derived 
solutions. We found the conditions of a, b, and c for the case of a distributional solution and a weak solution. It is 
anticipated that our findings may encourage further research in this field. 
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