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บทคัดย่อ 
ในบทความนีผู้ว้ิจยัไดศ้ึกษาระบบสมการเชิงผลต่างเชิงเสน้เป็นช่วงที่มีเงื่อนไขเริ่มตน้เป็นแกน x ทางบวกซึ่งยงัเป็น

ปัญหาปลายเปิด เราพบการมีอยู่จริงของ วง 5 และจุดสมดุล เราใชก้ารค านวณดว้ยการวนซ า้และหลกัอุปนยัเชิงคณิตศาสตร์
ในการพิสจูน ์พฤติกรรมต่าง ๆ ของผลเฉลยของระบบสมการ เราท าการแบ่งแกน x ทางบวกออกเป็นช่วงย่อยและท าการคน้หา
พฤติกรรมของผลเฉลยในแต่ละช่วงย่อย เราพบว่าส าหรบัเงื่อนไขเริ่มตน้ดงักล่าวตวัดึงดูดมีเพียง วง 5 หรือ จุดสมดุลเท่านั้น 
ยิ่งกว่านัน้เรายงัพบขอบเขตเบซินของการดงึดดูของวง 5 และจดุสมดลุ   
 

ค าส าคัญ  :  ระบบสมการเชิงเสน้เป็นช่วง ;  ผลเฉลยคาบ ;  จดุสมดลุ ;  สมการเชงิผลต่าง 
 

Abstract 
 In this paper, we study a piecewise linear system of difference equations with initial condition in positive x-
axis which remains an open problem. We find that there exist 5-cycles and equilibrium point. We use some direct 
iterative calculations and mathematical induction to prove the behaviors of solutions of the system.  We separate 
positive x-axis into subintervals and investigate the behaviors of solutions in each of subintervals.  We also find that 
for such initial condition the attractors are only 5- cycles and equilibrium point.  Moreover, we reveal the boundary 
of basins of attractions for 5-cycles and equilibrium point.   
 

Keywords :  piecewise linear system ; periodic solution ; equilibrium point ;  difference equation 
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Introduction 
 The study of the dynamics of flows is strictly related to maps via the Poincaré sections and the related 
return maps.  There are many phenomenon that seem discretely such as cell division, insect population, and 
Propagation of annual.  Also two dimensional smooth maps describe many phenomena coming from population 
dynamics and economy theory. With above, the difference equations are more appropriate to model such situations. 
Lozi map (Lozi, 1978) is a well known piecewise linear map (PWL), one of the simplest cases of piecewise smooth 
map (PWS) .  It is a simplified version of Hénon map and has a strange attractor.  There are many applications of 
PWS maps and PWL maps in models such as power electronic converters and switching circuits (see e.g. (Banerjee 
and Verghese, 2001; Zhusubaliyev &Mosekilde, 2003)), mechanical systems (Brogliato, 1999; Ma et al., 2006; Ing. 
et al. , 2010) .  We know that multistability (Simpson, 2010; Zhusubaliyev et al. , 2008) , and also infinitely many 
coexisting attractors (Simpson, 2014a,b) can occur in PWS map. Center bifurcations in a family of piecewise linear 
maps were cosidered in articles (Gardini & Tikjha, 2019; Tikjha & Gardini, 2020) and also a transition case between 
invertibility and non- invertibility of piecewise linear map were found in article (Gardini & Tikjha, 2020) .  An open 
problem about a system were mentioned in (Grove et al.,2012): 
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where parameters , ,a b c and d are in{ 1,0,1}−  and the initial condition 2

0 0( , ) .x y R This family of systems 
was inspired by the Devaney's Gingerbreadman Map and the Lozi Map (Lozi, 1978). For other systems of this form 
see articles (Devaney,1984; Botella-Soler et al., 2011). Several articles investigate the open problem for example: 
Gove et al.  (2012)  found that every solution of a special case of system (1)  is eventually prime period-3 solutions 
except for the unique equilibrium solution.  In article (Tikjha et al., 2010; 2015; 2017) and (Tikjha & Lapiere, 2020), 
they studied some special cases of system (1),   showed that there are periodic attractors. They showed that every 
solution is eventually either that attractors or equilibrium point by using direct calculation and inductive statement. 
Our ultimate goal to make generalized on parameter b  of special case of system (1) which is as following,  
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where b is any real number. Krinket (2015) studied a special case of system (2) by taking 1b = − , she found that 
solution is eventually prime period 4 with specific initial condition on y −  axis.  Tikjha & Piasu (2020)  studied the 
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solution of special case of system (2) by taking 3b = − , with initial condition being a specific region in first quadrant 
is eventually equilibrium point or prime period 4.  Jittbrurus & Tikjha (2020)  studied the solution of special case of 
system (2) by taking 7b = − ,  
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with initial condition on negative y-axis.   To predict the global behavior of system (2), we have to gather as much 
results as of special cases to system (2). So we continue to investigate system (3) with initial condition on positive 
x-axis.    
 
Methods 

The following definitions (Grove &Ladas, 2005) are used in this article. A solution ( ) 
0

,n n n
x y



=
of a system 

of difference equations is called eventually periodic with prime period p or eventually prime period p solution if 

there exists an integer N > 0 and p is the smallest positive integer such that ( ) 
0

,n n n
x y



=
is periodic with period 

p; that is,  ( ), ( , )n p n p n nx y x y+ + =  for  all n N .  The 5 consecutive points of the solution is called a 5-cycle of 

system (3) .  We denote ( ) ( ) ( ) ( ) ( )( ) , , , , , , , , ,a b c d e f g h i j  as 5-cycle which consists of 5 consecutive 

points: ( ) ( ) ( ) ( ), , , , , , ,a b c d e f g h and ( ),i j  in xy  plane. It is worth noting that solution is eventually periodic 
with period p when orbit (forward iterations) contains a member of the cycle. We will show that every solution of the 
system (3)  with positive x-axis initial condition is eventually either equilibrium point or 5-cycle by finding pattern of 
solutions and then verify that the closed form is true by using mathematical induction. 
 
Results  
 In this section, we will investigate the global behavior of system (3) with initial condition in positive x-axis. 

The system (3) has a unique equilibrium point which is ( )1, 5− −  from solving the system of equations : 
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The system also have periodic solutions as 5-cycles that are 5.1P and 5.2P  as follows: 
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( ) ( ) ( ) ( ) ( )( ) 5.1 5, 7 , 5, 11 , 9, 5 , 7,5 , 5,3P = − − − − −  and 

( ) ( ) ( ) ( ) ( )( ) 5.2 15 / 7, 57 / 7 , 23 / 7, 5 , 9 / 7, 5 / 7 , 5,11/ 7 , 25 / 7, 39 / 7P = − − − − − − . 

 
We will show that the attractors, with specific initial condition in positive x- axis, of this system are only the 
equilibrium and 5-cycles and we could reveal the border of basin of attraction between the attractors. The proof of 
theorem is looking for behaviors of solutions of the system by separating positive x- axis into four main intervals 

which are (  ( )  )0,1/ 4 , 1/ 4,3 / 4 , 3 / 4,7 and  )7, .  

The most easiest intervals that we will investigate is when initial condition ( )0 0,x y  with  )0 7,x    

and 
0 0y = . Then for the initial condition  )0 7,x    and 

0 0y = , we have the first iteration: 
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Then we have the second iteration ( ) ( )2 2, 15, 7x y = − − and the sixth iteration ( ) ( )6 6 5.1, 5,3x y P= −  . So the 
solution is prime period 5 within 6 iterations as the following lemma. 

Lemma 1 Let  
1
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=
be solutions of system (3) and initial condition ( )0 0,x y  is in ( ) , | 7, 0x y x y = . 

Then the solution is 5-cycle 5.1P  within 6 iterations. 

 The second interval that we will investigate is when initial condition ( )0 0,x y  with  )0 3 / 4,7x   and 

0 0y = . Then for the initial condition  )0 3 / 4,7x   and 0 0y = , we have the list of the closed form of solutions 

as follows:  
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, and 

then ( ) ( )6 6 5.1, 5,3x y P= −  .  
 
So the solution is prime period 5 within 6 iterations as the following lemma. 
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Lemma 2 Let  
1

( , )n n n
x y



=
be solutions of system (3) and initial condition ( )0 0,x y  is in 

( ) , | 3 / 4 7, 0x y x y  = . Then the solution is 5-cycle 
5.1P  within 6 iterations. 

 The third interval that we will investigate is when initial condition ( )0 0,x y  with ( 0 0,1/ 4x   and 

0 0y = . Then for the initial condition ( 0 0,1/ 4x   and 
0 0y = , we have the list of the closed form which the 

first four iterations are the same as the previous lemma and the closed form of the remaining solutions are as 

follows:  
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 and then ( ) ( )7 7, 1, 5x y = − − . So the solution is equilibrium point  

 
within 7 iterations as the following lemma. 
 

Lemma 3 Let  
1
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be solutions of system (3) and initial condition ( )0 0,x y  is in 

( ) , | 0 1/ 4, 0x y x y  = . Then the solution is equilibrium point within 7 iterations. 

The last interval that we will investigate is when initial condition ( )0 0,x y  with ( )0 1/ 4,3 / 4x   and 

0 0y = . The closed form of solutions is shown in the proof of the following lemma. 

Lemma 4 Let  
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( ) , |1/ 4 3 / 4, 0L x y x y=   = . Then the solution is eventually either 5-cycles or equilibrium point 

( )1, 5− − . 

Proof. We have a closed form of the first four iterations which are the same as those in Lemma 3 and  
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“for ( )0 ,n nx l u ,  
  5 1 5nx + = − ,    3

5 1 02 n

n ny x + = −   

 if ( 0 ,n nx l a  then 5 1 0ny +    
  3

5 2 02 2 0n

n nx x + = − + −  ,  3
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n ny x + = − −    
  5 3 1nx + = − ,     5 3 5ny + = −   
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 if ( )0 ,n nx b u  then 5 3 0nx +   and so 
  3 2
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n nx x +
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+ = − + +  ,  3 2
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 if ( )0 1 1,n nx l u+ +  then 5 5 0nx +   and  5 5 0ny +  ”.  

 

Firstly, we shall show that (1)P  is true. By letting ( ) ( )0 1 1, 1/ 4,3 / 4x l u = and we know that 

5 04 1 0x x= −   and 5 04 3 0y x= −  . Then 
( )3 1

6 6 0 0 15, 8 3 2x y x x = − = − = − .  
 

If (  ( 0 1 1, 1/ 4,3 / 8x l a =  then 6 08 3 0y x= −  . Thus 
( )3 1

7 0 0 18 1 2 2 0x x x = − + = − + −   and ( )3 1

7 0 0 18 7 2 4 0y x x = − = − −  . So ( ) ( )8 8, 1, 5 .x y = − −  
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If ( ) ( )0 1 1, 3 / 8,3 / 4x a u =  then 6 08 3 0y x= −  . Thus 
( )3 1

7 0 0 18 1 2 2 0x x x = − + = − + −   and ( )3 1

7 0 0 18 1 2 4 0y x x = − − = − + −  . So  
( )3 1 1

8 0 0 116 7 2 2 1x x x 
+

= − = − −  and ( )3 1 1

8 0 0 116 1 2 2 5 0y x x 
+

= − + = − + −  . 
 

If (  ( 0 1 1, 3 / 8,7 /16x a b =  then 8 016 7 0x x= −  . So ( ) ( )9 9, 1, 5 .x y = − −   

If ( ) ( )0 1 1, 7 /16,3 / 4x b u =  then 8 016 7 0x x= −  . So  ( )3 1 2

9 0 0 132 15 2 4 3x x x 
+

= − = − −  and 

9 5y = − . 
 

If (  ( 0 1 1, 7 /16,15 / 32x b c =  then 9 032 15 0x x= −  . So 
( )3 1 2

10 0 0 132 13 2 4 1 0x x x 
+

= − + = − + +  and ( )3 1 2

10 0 0 132 19 2 4 7 0y x x 
+

= − = − −  . So 

( ) ( )11 11, 1, 5 .x y = − −  
 

If ( ) ( )0 1 1, 15 / 32,3 / 4x c u =  then 9 032 15 0x x= −  . So 
( )3 1 2

10 0 0 132 17 2 4 5x x x 
+

= − = − −  and ( )3 1 2

10 0 0 132 19 2 4 7y x x 
+

= − = − − . 
 

If (  ( 0 1 2, 15 / 32,17 / 32x c l =  then 10 032 17 0x x= −   and 10 032 19 0y x= −  . So 
( )3 1 3

11 0 0 164 29 2 8 5 0x x x 
+

= − + = − + +   and ( )3 1 3

11 0 0 164 35 2 8 11 0y x x 
+

= − = − −  . Then 

( ) ( )9 9, 1, 5 .x y = − −  
 

If  )  )0 2 1, 19 / 32,3 / 4x u u =  then 10 032 17 0x x= −   and 10 032 19 0y x= −  . So  

( ) ( )11 11, 5,3 .x y = −  
 

If ( ) ( )0 2 2, 17 / 32,19 / 32x l u = then 10 032 17 0x x= −   and 10 032 19 0y x= −  . 

Hence (1)P  is true. Now we suppose further that ( )P k  is true. We have 3 2

5 5 02 4 5 0k

k kx x +

+ = − −   and 

3 2

5 5 02 4 7 0k

k ky x +

+ = − −   for ( )
3 2 3 2

0 1 1 3 2 3 2

4 2 9 4 2 5
, ,

7 2 7 2

k k

k k k k
x l u

+ +

+ + + +

  −  +
 =  

  
. Then  

( ) 5 65 1 1
5kk

x x ++ +
= = −  and ( ) ( )3 3 3 3

5 6 0 0 15 1 1
2 8 11 2k k

k k kk
y y x x + +

+ ++ +
= = − + = − . 

 

We note that  
3 3 3 3

1

4 2 11 32 2 88 77 4 2 11
8 11 8 11

7 7 7

k k k

k k 
+
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  −  − +  −
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.  
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If ( 
3 2 3 3
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4 2 11
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7

k
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. We 

determine the sign of 5 6ky + by substituting 1kl + and 1ka + into 0x of linear function 5 6ky + as following:  

( )
3 2 3 3 3 5 3 5

3 3

5 6 1 3 2

4 2 9 4 2 11 2 18 2 11
2 1

7 2 7 7 7

k k k k
k

k k k
y l

+ + + +
+

+ + +

        −  − − −
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3 3 3 3

3 3

5 6 1 3 3

4 2 11 4 2 11
2 0

7 2 7

k k
k

k k k
y a

+ +
+

+ + +

    −  −
= − =   

   
. From now on, we will determine the sign of 

solutions by using this method. Then 3 3

5 7 0 12 2 0k

k kx x +

+ += − + −   and 3 3

5 7 0 12 4 0k

k ky x +

+ += − −   and 

so ( )5 8 5 8, ( 1, 5)k kx y+ + = − −  as require.   
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4 2 11 4 2 5
, ,

7 2 7 2

k k

k k k k
x a u

+ +

+ + + +
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then ( ) 5 65 1 1

0kk
y y ++ +

=  . Then 

3 3

5 7 0 12 2 0k

k kx x +

+ += − + −   and  3 3

5 7 0 12 4 0k

k ky x +

+ += − + −   and so  
3 4

5 8 0 12 2 1k

k kx x +

+ += − −  and 3 4

5 8 0 12 2 5 0k

k ky x +

+ += − + −  .  
 

If ( 
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, ,
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+ +
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0kk
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=  , So ( )5 9 5 9, ( 1, 5)k kx y+ + = − −  

as require.   
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, ,
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k k k k
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+ +

+ + + +
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then ( ) 5 85 1 3

0kk
x x ++ +

=  . So 

3 5

5 9 0 12 4 3k

k kx x +

+ += − −   and 5 9 5ky + = − .  
 

If ( 
3 4 3 5

0 1 1 3 4 3 5

4 2 15 4 2 23
, ,

7 2 7 2

k k

k k k k
x b c

+ +

+ + + +
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 then ( ) 5 95 1 4

0kk
x x ++ +

=  . Thus 

3 5

5 10 0 12 4 1 0k

k kx x +

+ += − + +   and 3 5

5 10 0 12 4 7 0k

k ky x +

+ += − −  and so  ( )5 11 5 11, ( 1, 5)k kx y+ + = − −  
as require.   
 

If ( )
3 5 3 2

0 1 1 3 5 3 2

4 2 23 4 2 5
, ,

7 2 7 2

k k

k k k k
x c u

+ +

+ + + +

  −  +
 =  

  
 then ( ) 5 95 1 4

0kk
x x ++ +

=  . Thus 

3 5

5 10 0 12 4 5k

k kx x +

+ += − −  and  3 5

5 10 0 12 4 7k

k ky x +

+ += − − .  
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If ( 
3 5 3 5

0 1 2 3 5 3 5

4 2 23 4 2 9
, ,

7 2 7 2

k k

k k k k
x c l

+ +

+ + + +

  −  −
 =  

  
then ( ) 5 105 1 5

0kk
x x ++ +

=   and ( ) 5 105 1 5
0kk

y y ++ +
=  . 

Thus  3 6

5 11 0 12 8 5 0k

k kx x +

+ += − + +   and 3 6

5 11 0 12 8 11 0k

k ky x +

+ += − −   and so 

( )5 12 5 12, ( 1, 5)k kx y+ + = − −  as require.  

If  )
3 5 3 2

0 2 1 3 5 3 2

4 2 5 4 2 5
, ,

7 2 7 2

k k

k k k k
x u u

+ +

+ + + +

  +  +
 = 

  
then ( ) 5 105 1 5

0kk
x x ++ +

=   and ( ) 5 105 1 5
0kk

y y ++ +
=  . 

Thus ( )5 11 5 11, ( 5,3)k kx y+ + = −  as require. 
 

If  ( )
3 5 3 5

0 2 2 3 5 3 5

4 2 9 4 2 5
, ,

7 2 7 2

k k

k k k k
x l u

+ +

+ + + +

  −  +
 =  

  
 then ( ) 5 105 1 5

0kk
x x ++ +

=   and ( ) 5 105 1 5
0kk

y y ++ +
=  . 

Hence ( 1)P k +  is true. By induction we conclude that ( )P n  is true for every positive integer n . By the 
inductive statement ( )P n , we can further conclude the following statement. 

1. The solution is eventually equilibrium point when (  (  (  ( 0 1, , , ,n n n n n n n nx l a a b b c c l +     and 

0 0y = for some n . 

2. The solution is eventually 5-cycle 5.1P when  )0 1,n nx u u+  and 0 0y = for some n . 
We note that sequence , , ,n n n na b c l are in the left side of their limits and sequences nu is in the right side of its 
limit. We also note that the sequences , , , ,n n n n na b c u l have the same limit:

   

n

4
lim lim lim lim lim

7
n n n n

n n n n n
a b c l u

→ → → → →
= = = = = . 

 

If we exactly choose the initial condition at ( ) ( )0 0, 4 / 7,0x y = , then the third iteration  is

( ) ( )3 3 5.2, 15 / 7, 57 / 7x y P= −  . Therefore we can conclude that every solution of system (3) with initial in L  

is eventually equilibrium point or 5-cycles.                    
By above lemmas, we can conclude all behaviors of solutions of the system (3) as the following theorem.  
 

Theorem 5  Let  
1

( , )n n n
x y



=
be solutions of system (3) and initial condition ( )0 0,x y  is in positive x- axis. Then 

the solution is eventually either 5-cycle or equilibrium point (-1,-5). 
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Discussion 
The behaviors of solutions of system (3)  in this study is agree to results of Jittbrurus and Tikjha (2020) 

however the closed form of solutions are difference because we take different initial condition.  By the results of  
Jittbrurus and Tikjha (2020)  and our results, we can conclude that the solution with initial condition in positive x- 
axis and negative y-  axis is eventually equilibrium point or 5-cycles.  We believe that our results will be a tool for 
studying this system with another initial condition region of 2R .  It is possible to have only equilibrium point and 5-
cycles as attractors.  We do still not confirm that the attractors are only equilibrium point and 5-cyles until knowing 
all behaviors with initial condition of every point in 2R .  
 
Conclusion  
 By separating initial condition along the positive x-axis into subintervals and looking behaviors of solutions 
of system (3)  with initial condition in each interval, we can predict the behaviors of solutions of system (3) .  When 

 )0 3 / 4,x    and 
0 0y = solutions will be 5-cycle 

5.1P  within 6 iterations, when ( 0 0,1/ 4x  and 
0 0y =

solutions will be equilibrium point ( )1, 5− −  within 7 iterations and when ( )0 1/ 4,3 / 4x  and 0 0y = solutions 
will be 5-cycle or equilibrium point depending on choosing the initial condition. The boundary of basins of attraction 
of 5-cycles and equilibrium point is a point (4 / 7,0) . Moreover, for initial point (4 / 7,0) , the solution is eventually 

5-cycle 5.2P .  The proof of Lemma 4, ( )0 1/ 4,3 / 4x  and 0 0y = , requires an inductive statement to be a tool 
to verify that the result is true.  
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