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Abstract

An s — magic labeling of a graph G is a one to one map f from the vertex set v (G) to a set of positive

integers s with |S|: |V (G)|, such that S o f(v)=k forany u eV (G) where k is a constantand N_(u) is

veNg (u)

the set of vertices in G adjacentto u. A graph G is s-magic if G admits an s - magic labeling. In this
paper, we show a necessary and sufficient condition for the existence of an s — magic labelings of a union of
disjoint complete multipartite graphs G , we also prove that the graph ¢ adding one edge e is not s — magic if
two endpoints of e are from the same partite set.
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Introduction

Throughout this paper we consider finite, simple and undirected graphs. Notations and terminologies not
defined here are followed from West (West, 2001).

Let G = (v (G),E(G)) be a graph. The neighborhood of a vertex u in a graph G is the set of vertices
adjacent to u , and is denoted by N (u). Let s be a set of positive integers where |S | = |\/(G)| . An s — magic

labeling of G is a bijection f :v (G) » S such that > f(v) =k forall uevVv (G), where k is a constant.

veNg (u)

The constant k is called an s - magic constant. If G admits an S-magic labeling, then the graph G is an

S — magic graph (or G is S-magic). For convenience, we denote sum (f[IV]) = z f (v) where v is a set of

veV

vertices.

If we restrict the labeling set of f to be {1,2,--,n} where n = |V (G)| under the same condition of
S — magic labelings, then we say that f is a Z — labeling. A z — graph is a graph which admits a
> - labeling.

In 1994, Vilfred (Vilfred, 1994) introduced the > - labeling of graphs. The concept of > - labeling was
studied by many authors and several terminologies. For examples, Miller et al. (Miller et al., 2003) used the term
1 - vertex magic labeling, Sugeng et al. (Sugeng et al., 2009) and Sankar et al. (Sankar et al., 2016) used the
term distance magic labeling. Many results on distance magic labelings has been collected by Arumugam et al.
(Arumugam et al., 2011).

In 2015, Godinho and Singh (Godinho and Singh, 2015) defined an s — magic labeling which is the
generalization of the idea of Z - labelings. They obtain many families of s — magic graphs such as a complete

graph K, acycle ¢, and a complete r — partite graph K hyny e They also studied some properties of this

labeling.

Many types of labeling have been studied and a survey of graph labelings can be found in (Gallian,
2017).

The main focus of this paper is to find some necessary and sufficient conditions for the existence of an

s — magic labelings of a union of disjoint complete multipartite graphs G and show that the graph G adding one

edge is not s — magic.
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Methods

First, we studied the definitions of s — magic labelings of graphs and some properties that concern. Then
we focused on s — magic labelings of the specific graphs such as the complete graphs which had been shown in
the Godinho and Singh’s paper . We collected the graphs that admit an s - magic labelings and found a new
graph that no one studied in term of this labelings. Then we used some techniques of Godinho and Singh’s

paper as the basis on construction of s — magic labelings of the union of disjoint complete multipartite graphs.

Results

Let m>2 be an integer. The union of disjoint m copies of G is denoted by mG . For

t
r

te{l,2,,m}, let v'v' . v' be the partite sets in the t" copy of mK_ where

My ey

V' o= {V;,l’vli,z‘.“ ,v;'"k} forall k e {1, 2,~-, r}. Thatis v (mKnJ,nz,...‘n,

Lemma 21. Llet f:v(mK_ ) s be a biecton where s < U . The graph G = mK

Ny, n,n,,..,n,

is s — magic with labeling f if and only if the sum of the labels of all the vertices in any two partite sets of G are
equal.
Proof. Let f be an S-magic labeling of G. For te{1,2,--,m}, let xevVv,' and ye Vj1 for

somei, j e {1, 2,--, r}.Then sum (f [N (x)]) = sum (f [N (y)])

sum (F[U v,'1) = sum (£ 1v,'1) = sum (F[U v,'1) = sum (£ [v.1)

I=1 I=1

sum (f[V,']) = sum (f [V 1)-
Forte {1, 2,~-, m}, let sum (f[V,']) = k,_forallie{1,2,-,r}.

Letw e V,” and z € qu forsome i, je {1, 2,--,r} and p,q e {1, 2,-~-, m} where p = q. Then

sum (f [N (w)]) = sum (f [N, (2)])
k,(r-1) = k (r-1)
k = k_.
P q
Hence sum (f[V,"]1) = sum (f [qu]) foralli,je {1, 2,--,r}and p,qe{1,2,~-, m}.
Conversely, let f : V(G) —» S be a bijection such that sum(f[vi‘]) = k forallie{1, 2,~--,r} and
te{l 2,-, m}.Thus sum (f[N (u)]) = k(r-1) forall ueVv (G).Then f isan s - magic labeling of G ,

and hence G is s - magic.
[ |
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In 2015, Godinho and Singh (Godinho and Singh, 2015) found the necessary and sufficient conditions
for the existence of s — magic labelings of complete multipartite graphs as the following theorem.

Theorem 2.2. (Godinho and Singh, 2015) The complete r partite graph K | N where n, < n, <..< n, is

s - magicifandonlyifn, > 2.

We extend the graph in Theorem 2.2 to be a graph having many components. Observe that if G is
s — magic, then the graph mG may not be s - magic, so we try to find some conditions for the existence of an

s — magic labeling of the union of disjoint complete multipartite graphs. The result as the following.

Theorem 2.3. The graph G = mK_ =~ where n, < n, <..< n_and m > 2 is s-magic if and only if

n > 2.
Proof. Letn = 1.Suppose that G is s - magic with labeling f . By Lemma 2.1, the sum of the labels of all the
vertices in any two partite sets of G are equal. Since V," = {v,;,} and V,* = {v/;}, we have f (v;,) = f(v/,),
a contradiction. Thus G is not s — magic.

Conversely, assume that n > 2. We define h : vV (G) — U as follows :

Forke{1,2,,r}, pe{l,2,--,m}and ie{1,2,,n, -1},let

[P+ (p-1(n -1) if k=1,

h p. _ k-1
e R S (IR I FPTP

i=1

Note that the sequence

h(vll,l) s h(vg,) e h(vi,m—l) ’
h(vy) o hv) e v, )
h(vy,) hv,) s vy, )
h(v, ) h(vy ) h(vy, ),
h(v; ) h(v, ) h(v, ),
h(v; ), h(vy,) o h(vy, ),

1890



M9ETIMENAIERTYIW TIT 26 (1TUN 3) Mueneu - FUNAN W.A. 2564

BURAPHA SCIENCE JOURNAL Volume 26 (No.3) September — December 2021 UNAINNIAY
1 1 1
h(vr,l) ! h(vr.z)’ ! h(vr‘n,fl)’
2 2 2
h(vr.l) ! h(vr.Z)’ ! h(vr.nrfl) !
h(vi) o h(vo,) o vy, )

is strictly increasing.

Leth(v' ) = h(v], )+1 and X = sum(h[V,]).
Forpe{1,2,~-,m-1}andk e{1,2,~-,r}, leth(v] ) = X-sum(h[V"\{v/ 3.

Thus sum (h[V,"]) = h(vk”vnk) + sum(h[Vkp\{vkp'nK}] =X .

Since the sequence

AIAZ S 3 I AR A 5 IR ] AR A
AT A0 S LIRS A7 5 PRI AR AU O
LI A%S 5 T AR A7 5 RS | AR A 3

is strictly increasing, we have the sequence

hev! ), hv! ) o h(v) ),

hev!, . ), h(v:“jnm) e h(viflvnm) ,
m m -1 1

hev ) h(v) ) h(y) )

is also strictly increasing. Thus h (u) and h (v) are pairwise distinct forall u,v e V (G) . Hence h is
one to one, that is |h [V (G)] | = |V (G) |

Lets = h[V (G)].Define f : V(G) » S asfollows: f(v) = h(v) forallveV(G).Then f isa
bijection and sum ( f[V,°1) = sum (h[V,"]) = X forallk e {1,2,--, r}and pe {1, 2, , m}.

By Lemma 2.1, f is an S-magic labeling of G . Therefore, G is s — magic with magic constant X (r —1) . ®
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Example 2.4. Consider the graph G = 3 K,.,.- Then G has order 33 and consists 3 components isomorphic

with K, ,. By Theorem 2.3, G is s — magic (vertices are labeled as the Figure 1) with s — magic constant 188.

i, =6

F I
v, =34 i, =10 v, =25 vy =13
?%5=21 vy, =11 ?‘;:;‘,;;:24 gi %%5§ Ve = 14
vy =20 ;Eé% E§:‘ =12 viy = 23 vy =15

Figure 1:The s — magic labeling of 3 K, , by using the labeling outlined in Theorem 2.3

The graph G adding an edge e is denoted by G + e where e is not an edge of G . Godinho and Singh
(Godinho and Singh, 2015) found a necessary condition for the existence of an s — magic graph in Theorem 2.5.
We use this to prove that mK + e is notan S-magic graph where e = uv with u and v are vertices in the

same partite setof mK

Theorem 2.5. (Godinho and Singh, 2015) If there exist two vertices u and v ina graph G such that
[(NGW\N () U (NN )] = 2

then G is not s — magic.

Corollary 2.6. Let G = mK and e = uv where u and v are vertices in the same partite of G . Then the

NNy n

graph G + e is not s — magic.

Proof. Assumethat H = G +e . Notethat N (u) = N (v) .Since N, (u) = N (u) u {v} and
N, (v) = N (v) U {u},wehavethat|(NH(u)\NH(v)) U (NH(v)\NH(u))| = 2 . By Theorem 2.5,

H is not s — magic. u
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Discussion

Godinho and Singh showed that the graph K~~~ where n, < n, < ... < n_is s - magic if and only

r

if n, > 2. Since if the graph K~ is s-magic, then mk_ may not be s - magic, for example, the

2

graph K, is s —magic but 2K, isnot s — magic. In this paper, we show the condition for the existence of an

2

s - magic labeling of the graph mk ~, thatis, the graph mk ~ wheren < n, <..< n andm > 2

is s — magic ifand onlyif n > 2.

Conclusions
For this research, we show a necessary and sufficient condition for the existence of an s - magic
labelings of a union of disjoint complete multipartite graphs G , and show that the graph G + uv is not s — magic

if u and v are vertices in the same partite of G .
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