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Abstract
The aim of this paper is to extend the hesitant fuzzy subsemigroups to intuitionistic hesitant fuzzy
subsemigroups as well as extending of fuzzy subsemigroups to intuitionistic fuzzy subsemigroups by merging the
concept of intuitionistic hesitant fuzzy set and subsemigroups. We define the definition of intuitionistic hesitant fuzzy
sets on a semigroup and we characterize subsemigroups, left ideals, right ideals, ideals, bi-ideals, interior ideals
and (1,2)-ideals in terms of intuitionistic hesitant fuzzy subsemigroups of semigroups. And relations between

intuitionistic hesitant fuzzy subsemigroups and subsemigroups are obtained.
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Introduction

The concept of an intuitionistic fuzzy set was introduced by Atanassov (Atanassov, 1986) which was
defined as follows.  An intuitionistic fuzzy set A on a nonempty set X is an object having the form
A={<X, (), Y(x) > x € X} where f£: X —>[0,1], ¥:X —>[0,11and 0= LU(x)+ Y(x) <1 forall x € X .
This concept has been applied in different fields, for examples, logic programming, decision-making problem and
medical diagnosis etc. Later, several researchers introduced the notion of intuitionistic fuzzy ideals in semigroups
and investigated some related properties of ideals in semigroups and characterizations of intuitionistic fuzzy ideals
in semigroups. The hesitant fuzzy set was introduced by Torra (Torra, 2010) which was a generalization of the fuzzy
set and defined as follows. A hesitant fuzzy set on a nonempty set X is a function h from X to the power set of
[0,1] i.e. h: X —>£I([0,1]). The hesitant fuzzy set theory has been applied to several practical problem, primarily
in the area of decision making. Later, many researchers have applied this concept to semigroups. They introduced
the notions of hesitant fuzzy subsemigroups, considered characterizations of hesitant fuzzy subsemigroups and
investigated several properties.

Zadeh (Zadeh, 1965) introduced a concept of a fuzzy subset (fuzzy set) which is applied in many areas
such as medical science, robotics, computer science, information science, control engineering, measure theory,
logic, set theory, topology etc. After that, the concept of fuzzy algebraic systems was studied by Rosenfeld
(Rosenfeld, 1971) for the first time. Kuroki (Kuroki, 1979) studied some properties of fuzzy subsemigroups of a
semigroup and characterized a semigroup in terms of fuzzy subsets of semigroups. The concept of intuitionistic
fuzzy sets was introduced by Atanassov (Atanassov, 1986) which is generalization of the notion of fuzzy sets. Kim
and Jun (Kim and Jun, 2002) studied the intuitionistic fuzzy ideals in semigroup and investigated some properties.
Torra (Torra, 2010) gave the concept of hesitant fuzzy sets which were generalization of fuzzy sets. Hesitant fuzzy
set theory has been applied to several practical problems, primarily in the area of decision making. As you can see
in (Rodriguez, Martinez & Herrera; Wei, 2012). Jun and Lee (Jun and Lee, 2015) applied notion of hesitant fuzzy
sets to semigroup. They introduced the notions of hesitant fuzzy semigroups and hesitant fuzzy left (right) ideals,
and investigated properties. They considered characterizations of hesitant fuzzy subsemigroups and hesitant fuzzy
left (right) ideals. Beg and Rashid (Beg and Rashid, 2014) introduced the concept of Intuitionistic hesitant fuzzy
sets by merging the concept of intuitionistic fuzzy sets and hesitant fuzzy sets. It helps to manage those situations
of uncertainty in which some values are possible as membership values of element as well as non-membership
values of the same element. However, both Beg and Rashid did not study algebraic properties of Intuitionistic
hesitant fuzzy sets.

In this paper we extend the hesitant fuzzy subsemigroups to intuitionistic hesitant fuzzy subsemigroups as

well as extending of fuzzy subsemigroups to intuitionistic fuzzy subsemigroups by merging the concept of
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intuitionistic hesitant fuzzy set and subsemigroups. We defined the definition of intuitionistic hesitant fuzzy sets on
a semigroup and we characterize subsemigroups, left ideals, right ideals, ideals, bi-ideals, interior ideals and (1,2)-
ideals in terms of intuitionistic hesitant fuzzy subsemigroups of semigroups. And relations between intuitionistic

hesitant fuzzy subsemigroups and subsemigroups are discussed.

Methods
In this section, we will give basic definitions wich used in this paper.
Definition 1.1. A nonempty subset A of a semigroup S is called
(i) asubsemigroup of S if AACA,
(i) a left (right) ideal of S if SAC A(AS C A),
(i) anideal of S ifitis both a left and a right ideal of S,

(iv) a bi-ideal of S ifitis both a subsemigroup of S and ASAC A,

(v) aninterior ideal of S if it is both a subsemigroup of S and SASC A,

(vi) a(1,2)-ideal of S ifitis both a subsemigroup of S and AsA’ CA.

We note that every ideal of a semigroup S is a subsemigroup, a bi-ideal, an interior ideal, a (1,2)-ideal of

S and every bi-ideal of S is a (1,2)-ideal of S .

Zadeh (Zadeh, 1965) introduced a concept of a fuzzy subset (fuzzy set) which is applied in many areas.
He gave the definition as follows:
Definition 1.2. (Zadeh, 1965) A fuzzy subset f of a nonempty set X is a function from X into unit closed interval

[0,1] of real numbers, i.e., f: X —>[0,1].

The concept of intuitionistic fuzzy set was introduced by Atanassov (Atanassov, 1986), as a generalization
of the notion of fuzzy set. He gave the definition as follows:
Definition 1.3. (Atanassov, 1986) An intuitionistic fuzzy set A on a nonempty set X is an object having the form
A={<x, Ux), )y (x) > x EX}.
where the functions ££: X —[0,1] and »: X —[0,1] denote the degree of membership and the degree of non-
membership of the element x € X respectively, and for every x € X

OSlu(X)+7/(X)S1.
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The hesitant fuzzy set was introduced by Torra (Torra, 2010) which is a generalization of the fuzzy set and
define as follows:
Definition 1.4. (Torra, 2010) Let X be a nonempty set. A hesitant fuzzy seton X is a function A from X to

power set of [0,1] i.e., h: X — £X[0,1]), where §([0,1]) denotes the power set of [0,1] .

We give an example of a hesitant fuzzy set on a semigroup.

Example 1.1. Note that N is a semigroup under usual multiplication. Define h: N — 2([0,1]) by h(n)Z{%} for

all neN. Hence h is a hesitant fuzzy set of N.

The definition of intuitionistic hesitant fuzzy sets introduced by Beg and Rashid (Beg and Rashid, 2014)
and defined as follows:
Definition 1.5. (Beg and Rashid, 2014) Let f/and ¥ be functions from a set X to a power set of [0,1]. An
intuitionistic hesitant fuzzy set on X is a set
A={<x, U(x), ) (x) > x € X},

the values ti(x) and ¥(x)denote the membership values and non-membership values of the element x € X to
the set Arespectively, which satisfies

max{ L4(x)} +min{} (x)} <1,

min{ L4(x)} +max{¥ (x)} < 1.

We note that the definition may not exists, when if values f4(x) or ¥(x) is an open interval in [0,1] . We

also give an example as below.

1

Example 1.2. Note that N is a semigroup under usual multiplication. Define My N — £(0,1]) by
1) and y(n)=[0,—] forall neN.

Hin=(0 o

Hence (,u, ]/) is not an intuitionistic hesitant fuzzy set of N, since JLL(x) does not exists.

Results

From the definition 1.5 of intuitionistic hesitant fuzzy sets introduced by Beg, |. and Rashid, we note that
the definition may not exists. Thus, in our work, we developed the definition of an intuitionistic hesitant fuzzy set as
follows.
Definition 2.1. Let L and ) be hesitant fuzzy sets of a set S . The set is called an intuitionistic hesitant fuzzy set

(shortly, inf set)

1244



M3aFInenAaasyIn O 26 (AUUT 2) NOHNIAN - BRIVNAN W.A. 2564

BURAPHA SCIENCE JOURNAL Volume 26 (No.2) May — August 2021 UNANNIRE

(LLY) = {<x, Ux), )y (x) > x € X}
ifforall x€S,s € Ux),t€Y(x),
0<s+t<1.

Now, we present the following example according above definition.

Example 2.1. Note that N is a semigroup under usual multiplication. Define M.y N — g0([0,1]) by

forall neN.

L(n) =10,=

551 and ¥ (n) =0,

1
3n+4)
Hence (L4, ) is an ihf setof N.

The following definitions are definition of intuitionistic hesitant fuzzy subsemigroups of S . Throughout this
paper, we will denote a semigroup by S .

Definition 2.2. An intuitionistic hesitant fuzzy set (£,)) of S is called

(i) an intuitionistic hesitant fuzzy subsemigroup of S (shortly, inf subsemigroup) if
M) U(y) S U(xy) and Y(xy) S Y (x) I Y(y) forall x,y €S.
(ii) an intuitionistic hesitant fuzzy left ideal of S (shortly, ihf left ideal) if

H(y) & H(xy) and Y(xy) & ) (y) forall x,y €S.
(iii) an intuitionistic hesitant fuzzy right ideal of S (shortly, ihf right ideal) if
H(x) C U(xy) and Y(xy) Z )(x) forall x,y €S.
(iv) an intuitionistic hesitant fuzzy ideal of S (shortly, inf ideal) if
M) U(y) & HUxy) and Y(xy) S Y (x) M) (y) forall x,y €S.
(v) an intuitionistic hesitant fuzzy bi-ideal of S (shortly, inf bi-ideal) if it is an intuitionistic hesitant fuzzy
subsemigroup of S and
M) M U(z2) C Uxyz) and Y(xyz) S Y (x)JY(z) forall x,y,zES.
(vi) an intuitionistic hesitant fuzzy interior ideal of S (shortly, ihf interior ideal) if it is an intuitionistic
hesitant fuzzy subsemigroup of S and
M(a) C U(xay) and Y(xay) Z Y(a) forall a,x,y €S.
(vii) an intuitionistic hesitant fuzzy (1,2)-ideal of S (shortly, ihf (1,2)-ideal) if it is an intuitionistic hesitant
fuzzy subsemigroup of S and

M) U(y) N U(2) S (xw(yz)) and Y (xw(yz)) S Y (x) Iy (y)\JY(z) forall x,w,y,z€E€S .
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We note that every infideal of S is an ihf subsemigroup of S, an ihf bi-ideal of S, an ihf interior ideal of

S, anihf (1,2)-ideal of S and every ihf bi-ideal of S is an ihf (1,2)-ideal of S .

Now, we give example of definitions of ihf subsemigroups as follow.

Example 2.2. Let S=/{0,e,f,a,b} be a set with the following Cayley table:

TABLE 1. Cayley table for the multiplication

| 0 e f a b
oo 0 0 0 O
e| 0 e 0 a O
f{o o f 0 b
al|0 a 0 0 e
b0 0 b f 0

Then S is a semigroup ( Howie,1976) . Define MY :S—>g(0,1]) by M) = Ule)= H()=[01] ,
M(a)= (b)={0}, ¥ (0)=Y(e) = y(f)={0}and ¥ (a)=}(b) =[0,1]. By the definition of inf subsemigroup of S, we
have (L{,))is an ihf subsemigroup of S.

Example 2.3. The (£¢,)/) in Example 2.2. is an ihf interior ideal of S.

Example 2.4. Let S={a,b,c,d,e}be a set with the following Cayley table:

TABLE 2. Cayley table for the multiplication
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Then S is a semigroup (Kim and Lee, 2005). Define g4, :S —> ¢2([0,1]) by fl(a)=[0,06], L(b)=[0,05],

M(c)=[0,04], H(d)= H(e)=[0,03] and ¥(a)= Y (b)=[0,0.3], ¥(c)=[0,04], ¥(d)=[0,05], }¥(e)=[0,0.6]. By
the definition of inf bi-ideal of S, we have (/,l, ]/) is an inf bi-ideal of S.

Example2.5 Let S ={a,b,c,d} be a set with the following Cayley table:
TABLE 3. Cayley table for the multiplication

Then Sis a semigroup. (Wang, 2019) Define y,y:S —> £2([0,1]) by (a)=[0,0.9], L(b)=[0,0.7], L(c)=[0,0.5]
, H(d)=1[0,04] and ¥(a)={0}, ¥ (b)=[0,0.11, ¥ (c)=[0,0.3], ¥(d)=[0,0.4]. By the definition of ihf (1,2)-ideal of
S, we have ([{,Y)is an ihf (1,2)-ideal of S.

Definition 2.3. Let A be a nonempty subset of S, the characteristic intuitionistic hesitant fuzzy set (shortly, cinhf

set) and is denoted by ZA :

~

ZA={<X,}(A,}(AE >|x €S},

where ¥, and ¥ ¢ are hesitant fuzzy subsets defined as follows:

[0,1] if x €A,
XaiS=>PODx>y in
and
%) if x €A,
X, :S—0,1), x> 011 i x €A,

The following lemma we characterize subsemigroups in terms of characteristic intuitionistic hesitant fuzzy

subsemigroups of semigroups.
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Lemma 2.1. Let A be a nonempty subset of S. Then A is a subsemigroup of S if and only if the cihf set
)EA =(¥a X ,t) is an ihf subsemigroup of S .
Proof.  (=>) Assume that A is a subsemigroup of S. Let x,y €S . We consider the following two cases.
Case 1. Suppose xy € A. Then ¥ ,(xy) ZQ,ZAE (xy)=[0,1]. Since A is a subsemigroup of S and
xy & A, wehave x € A or y & A which implies that ¥ ,(x) M ¥ ,(y) =& and )(Ac (x)U}(AE (y)=I[0,1].
Thus
XA LA =D = 1, () and Z £ (0) =[011= 2,c () Z ().
Case 2. Suppose xy € A. Then )(A(xy) =[0,1] ,)(Ac (xy) =(. Thus
XA X Ay) SI0= Faxy) and F 0 (xy) =D ¥, () ¥ 0 (y).
Hence, by the two cases, we have ZA is an ihf subsemigroup of S .
(€<=) Assume that QZA is an ihf subsemigroup of S. Let X,y €A.Then ¥ ,(x)= ¥ ,(y)=I[0,1]. Since
ZA is an ihf subsemigroup of S, we have
[011= X, X a0 S X2
Thus xy € A. Hence A is a subsemigroup of S.

The following theorems we characterize several ideals in terms of several cihf ideals of semigroups.
Theorem 2.1. Let A be a nonempty subsetof S. Then A is a left ideal (right ideal, ideal) of S if and only if the
cihf set )EA =(}(A,}(AE )of A is an ihf left ideal (right ideal, ideal) of S .

Proof. (=) Assumethat A is aleftidealof S.Let x,y €S.If y €A, then ZA(y)IQand)(Ac (y)=1[0,1]
which implies that ¥ ,(y) & ¥ 4(xy) and ZAE (xy) g}(AE (y) .
On the other hand, suppose that y €A . Then ¥ ,(y)=[0,1] and XL (y)=¢.Since A is a leftideal
of S, wehave xy €A. Thus
X axy)=[01] andZAc (xy)=O.
Hence
XaW S Xalxy) and ¥ c(xy) S ¥ ,c(y) .
Therefore ZA is an ihf left ideal of S .

(<) Assume that }N(A is an ihf left ideal of S. Let x €S and y €A . Then ¥ ,(y)=[0,1]. Since ZA

is an inf left ideal of S, we have [0,11= ¥ ,(y) & ¥ (xy). Therefore xy € A. Hence A is a left ideal of S .

Theorem 2.2 . Let B be a nonempty subset of S. Then B is a bi-ideal of S if and only if the cihf set

~

As Z(ZB,}(BE)of B is an ihf bi-ideal of S .
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Proof. (=) Assume that B is a bi-ideal of S. Since B is a subsemigroup of S, we have )EB is an ihf
subsemigroup of S, by Lemma 2.1. Let x,y,z €S. Suppose that x € Borz & B . Then }(B(X)ﬂ}(B(Z)ZQ
and ZBE (X)U}(BE (z) =[0,1]. Then
Xs(X)M ¥5(2) & Y5(xyz) and )(c Xyz) C}(t U}(Bc(z)
On the other hand, suppose that x,z&€ B, then ¥g(x)= ¥z(z)=I[0,1] and Xt (X):ZBE (2)=0.
Since B is a bi-ideal of S, we have xyz € B. Thus ZB(xyz)Z[O,ﬂ and ;( t(xyz) = . Hence
X)) ¥5(2) & ¥g(xyz) and )(B (xyz) C}(B U}(Bt (2)
Therefore }ZB is an ihf bi-ideal of S .
(<=) Assume that )EB is an ihf bi-ideal of S. Then B is a subsemigroup of S, by Lemma 2.5. Let
X,z€EB and y&€S , then ZB(X):ZB<Z):[O,1]. Since ZB is an ihf bi- ideal of S, we have
XXM ¥5(2) & ¥5(xyz). Thus

[0,11= ()M ¥5(2) & ¥5(xy2).
Hence xyz € B. Therefore B is a bi-ideal of S.

Theorem 2.3. Let A be a nonempty subset of S. Then A is an interior ideal of S if and only if the cihf set
)EA =(¥a X ,t) of Alisaninfinteriorideal of S .
Proof.  (=>) Assume that A is an interior ideal of S. By Lemma 2.1, we have JZA is an ihf subsemigroup of S .
Let a,x,y €S.If a& A, then ZA(a)ZggZA(xay) and }(AE (xay)C[0,1]1= }(A . On the other hand, if
a€ A.Since A is an interior ideal of S, we have
Xa(@=[01]= ¥ ,(xay) and 9 (xay):@:ZAt (a)

Therefore )ZA is an ihf interior ideal of S.

(<) Assume that }ZA is an ihf interior ideal of S. By Lemma 2.5, we have A is a subsemigroup of S .

Let x,y €Sand a€ A.Then [0,1]= ¥ ,(a) & ¥ ,(xay) and so xay € A. Hence A is an interior ideal of S .

Theorem 2.4 . Let A be a nonempty subset of S. Then A is a (1,2)-ideal of S if and only if the cihf set
)ZA =(¥a X L)of Alsaninf (1,2)-ideal of S.
Proof. (=>)Assume that A isa (1,2)-ideal of S. By Lemma 2.1, we have ZA is an ihf subsemigroup of S .
Let w,x,y,zE€S . Ifxory orz € A. Then
Xaocw(yz) D= Y, ()N Y4 (V)M Y p(2) and F 0 (xw(yz)) SL0]= e ()\J ¥ e (1)\J ¥ 0 (2)
Ifx,y,z€ A, then we have

Xabw(yz)) =[0,11 2 X a ()M Y)Y Y a(2) and x 0 (w(yz)) =D J 0 () I Y o (v)\J ¥ 0 (2)
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Hence ;?A is an ihf (1,2)-ideal of S .

(<) Assume that QEA is an inf (1,2)-ideal of S. By Lemma 2.5, we have A is a subsemigroup of S .
Let weS and w,x,y,z€A. Then ¥ ,(xw(yz)) D ¥ (X)X () Y 4(2) =[0,1]. Hence xw(yz)EA.
Therefore A is a (1,2)-ideal of S .

Now, we give the definition of the hesitant (@, f) —cut .
Definition 2.4. Let fI and ) be hesitant fuzzy sets on a nonempty set S and let a,ﬁES{)([O,ﬂ) .
The set
U(pho) ={x ES| U(x) Da} and L(Y; ) ={xES|Y(x) S B}.
The set
Cloyap) =UH)NLY:B).

is called the hesitant (&, ) —cut .

The following definition are definition of hesitant fuzzy subsemigroup and anti-hesitantfuzzy subsemigroup

of S.

Definition 2.4. (Jun and Lee, 2015) A hesitant fuzzy set h of S is called a hesitant fuzzy subsemigroup of S if
h(x)Mh(y) C h(xy) forall x,y €S.

Definition 2.5. A hesitant fuzzy set h of S is called an anti-hesitant fuzzy subsemigroup of S if
h(xy) CTh(x)Uh(y) forall x,y €S.

Remark 2.1. Intersection of subsemigroups of S is either an empty set or a subsemigroup of S .

Remark 2.2. Let S be a semigroup and define the hesitant fuzzy set O of S by O(x) ={0} forall x €S . The

following statements are true.

(1) If (4, ))is an ihf subsemigroup of a semigroup S, then LI is a hesitant fuzzy subsemigroup and J/ is
an anti-hesitant fuzzy subsemigroup of S . However, the converse is not true.

(2) A hesitant fuzzy set ffof S is a hesitant fuzzy subsemigroup of S if and only if (/J,O) is an inf
subsemigroup of S.

(3) A hesitant fuzzy set }of S is an anti-hesitant fuzzy subsemigroup of S if and only if (O,]/) is an inf

subsemigroup of S.

The following lemmas and theorems are shows relations between intuitionistic hesitant fuzzy

subsemigroups and subsemigroups by the hesitant (a,,[i')—cuz‘ of (,u, }/) .
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Lemma 2.2. If L is ahesitant fuzzy subsemigroup and ¥ is an anti-hesitant fuzzy subsemigroup of S then the
following statements hold.

(1) L(]/;,B) is either an empty set or a subsemigroup of S forall € §2(00,1]),
(2) U(M; ) is either an empty set or a subsemigroup of S for all a € §([0,1])

(3) C(,u,}/;a,ﬂ) is either an empty set or a subsemigroup of S forall a, f € §2(00,1]) .

Proof. Assume that U is a hesitant fuzzy subsemigroup and Y is an anti-hesitant fuzzy subsemigroup of S .
(1) Let BE€LN0, M) and let x,y EL(Y;B). Then ¥ (x) Z fand J(y) Z B. By the assumption, we
have that ¥ (xy) S ¥ (x)\J¥(y) S B . Hence xy EL(Y; ) . Therefore L(Y; ) is a subsemigroup of S .
(2) The proof is similar to the proof of (1).

(3) It follows from (1), (2) and Remark 2.1.

Theorem 2.5. Let (L4, ) beanihfsetof S.Then (L,)) is an ihf subsemigroup of S if and only if C(,u,}f;a,ﬂ) is
empty or a subsemigroup of S forall ., 8 € £([0,1]) .
Proof. (=) It follows from Remark 2.2 and Lemma 2.13.

(<) Assume that C(,u,}/;a,ﬂ) is empty or a subsemigroup of S forall @,/ €49(0,1). Let x,y €S.
Then LU(x) M U(y) € §([0,1]) and Y (x)\J ) (y) € §X[0,1]). Thus x,y € C(,u,}/;,u(x)ﬁ,u(y),;/(x)uy(y)) . By the
assumption, we get C(,tt,}/;,u(x)ﬁu(y),)/(x)uy(y)) is a subsemigroup of S and so
Xy € C(,u,}/;,u(x)ﬂ,u(y),}/(x)u]/(y))' Hence LU(x)M U(y) C Lxy) and V(xy) C ¥ (x)J ¥ (y). Therefore
(L, ))is an ihf subsemigroup of S .

Definition 2.6. (Jun and Lee, 2015) Let h be a hesitant fuzzy set of S is called a hesitant fuzzy left ideal ( right
ideal) of S if h(y)C h(xy) (h(x) Ch(xy)) for all x,y €S and it is called a hesitant fuzzy ideal of S if
h(x)\Uh(y) C h(xy) forall x,y €S.

Definition 2.7. A hesitantfuzzy set h of S is called an anti-hesitant fuzzy left ideal (right ideal) of Sif h(xy) C h(y)

(h(xy) C h(x))for all x,y €S and is called an anti- hesitant fuzzy ideal of S if h(xy) C h(x)Mh(y) for all
X,y €S.

Remark 2.3. Intersection of left ideals (right ideals, ideals) of S is either an empty set or a left ideal (right ideal,
ideal) of S .
Remark 2.4. Let S be a semigroup and define the hesitant fuzzy set O of S by O(x) ={0} forall x €S . The

following statements are true.
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(1) If (L, ))is aninfleftideal (right ideal, ideal) of S, then I isa hesitantfuzzy leftideal (right ideal, ideal)
and ¥ is an anti-hesitant fuzzy left ideal (right ideal, ideal) of S . However, the converse is not true.

(2) A hesitant fuzzy set M of S isa hesitant fuzzy left ideal (right ideal, ideal) of S if and only if (lLl,O) is
an ihf left ideal (right ideal, ideal) of S .

(3) Ahesitantfuzzy set ¥ of S is an anti-hesitantfuzzy left ideal (right ideal, ideal) of S if and only if (O,}/)

is an ihf left ideal (right ideal, ideal) of S .

Lemma 2.3. If [l is a hesitant fuzzy left ideal (right ideal, ideal) and )/ is an anti-hesitant fuzzy left ideal (right
ideal, ideal) of S then the following statements hold.

(1) L(]/;,B) is either an empty set or a left ideal (right ideal, ideal) of S forall € §2([0,1]).

(2) U(M;) is either an empty set or a left ideal (right ideal, ideal) of S for all & € §2([0,1]) .

(3) C(,u,}/;a,ﬂ) is either an empty set or a left ideal (right ideal, ideal) of S for all 0(,,3680([0,1]) .

Proof. Assume that L is a hesitant fuzzy left ideal and ) is an anti-hesitant fuzzy left ideal of S .

(1) Let o, BELI([0,1]) and let x ES and y EL();B). The ¥(y) C . By the assumption, we have
that Y (xy) C ¥ (y) S B . Hence xy EL(Y; B) . Therefore L(Y;B) is a left ideal of S .

(2) The proof is similar to the proof of (1).

(3) It follows from (1), (2) and Remark 2.3.

Theorem 2.6. Let (L,)/) beanihfsetof S. Then (L4, ) is an ihf left ideal(right ideal, ideal) of S if and only if
C(,u,}/;aﬂ) is a left ideal (right ideal, ideal) of S forall &, 5 € £J[0,1]) .
Proof. (=) It follows from Remark 2.4 and Lemma 2.17.

(<) Assume that C(/l,}/;aﬁ) is a left ideal of S. Let x,y €S.Then L(y),)(y) € £X[0,1]) . Thus
yE C(/J,;/;y(y),)/(y)) . By assumption, we have xy € C(,u,}/;,u(y),}/(y)) .Hence U(y)C H(xy) and Y (xy) Z Y (y)
. Therefore (LL,)) is an ihf left ideal of S'.

Definition 2.8. (Jun and Lee, 2015) A hesitant fuzzy set h of S is called a hesitant fuzzy bi-ideal of S ifitis a
hesitant fuzzy subsemigroup of S and h(x) Mh(z) C h(xyz) forall x,y,z€ES.

Definition 2.9. A hesitantfuzzy set h of S is called an anti-hesitant fuzzy bi-ideal of S if itis an anti- hesitant fuzzy
subsemigroup of S and h(xyz) C h(x)\Uh(z) forall x,y,z€E€S.

Remark 2.5. Intersection of bi-ideal of S is either an empty set or a bi-ideal of S .
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Remark 2.6. Let S be a semigroup and define the hesitant fuzzy set O of S by O(x) ={0} forall x €S . The
following statements are true.
(1) If (L,))is anihf bi-ideal of S, then UL is a hesitant fuzzy bi-ideal and }/ is an anti-hesitant fuzzy bi-
ideal of S. However, the converse is not true.
(2) A hesitant fuzzy set M of S isa hesitant fuzzy bi-ideal of S if and only if (,Ll,O) is an ihf bi-ideal of S .
(3) Ahesitant fuzzy set Y of S is an anti-hesitant fuzzy bi-ideal of S if and only if (O,j/) is an ihf bi-ideal

of S.

Lemma 2.4. If Ul is a hesitant fuzzy bi-ideal and } is an anti-hesitant fuzzy bi-ideal of S then the following
statements hold.

(1) L(y;p) is either an empty set or a bi-ideal of S forall S € £([0,1]) .

(2) U(M;) is either an empty set or a bi-ideal of S for all & € X([0,1]) .

(3) C(,u,}/;aﬂ) is either an empty set or a bi-ideal of S forall @, f € §2([0,1])..

Proof. Assume that L is a hesitant fuzzy bi-ideal and ¥ is an anti-hesitant fuzzy bi-ideal of S. Since U isa
hesitant fuzzy subsemigroups and } is an anti- hesitant fuzzy subsemigroups of S, we have that U(4;«&) and
L(y; B) are subsemigroups of S, by Lemma 2.11.

(1) Let . BELNO01]) and let y €S and x,zEL(Y;B). Then Y(x)C B, Y(z2)Z B. By the
assumption, we have ¥ (xyz) C ¥ (x)\J¥(z) & B . Hence xyz EL(Y; P) . Therefore L(}/; ) is a bi-ideals of S .

(2) The proof is similar to the proof of (1).

(3) It follows from (1), (2) and Remark 2.5.

Theorem 2.7. Let (L4,)) be anihfsetof S. Then (L)) is anihfbi-ideal of S if and only if C(,u,;/;a,ﬁ) is a bi-
ideal of S for all a,ﬂego([o,ﬂ).
Proof. (=) It follows from Remark 2.6 and Lemma 2.4.

(<=) Assume that C(u,}/;aﬂ) is a bi-ideal of S. Since C(u,}/;aﬂ) is a subsemigroup of S, we have
(ML, )) is anihf subsemigroup of S by Theorem 2.12. Let x,y,z €S. Then LU(x) M U(z2), ) (x) U ¥ (z) € §([0,1])

.Thus x,z eC(,u,j/;,u(x)ﬁ,u(z),;/(x)u;/(z)) . By assumption, we have xyz € C(,u,}/;,u(x)ﬁ,u(z),]/(x)uy(z)) . Hence
)N U(2) C U(xyz) and Y (xyz) S Y (x) DY (2) . Therefore (LL,)/) is an ihf bi-ideal of S .
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Definition 2.10. (Jun and Lee, 2015) A hesitant fuzzy set h of S is called a hesitant fuzzy interior ideal of S ifitis
a hesitant fuzzy subsemigroup of S and h(a) C h(xay) forall a,x,y €S.

Definition 2.11. A hesitantfuzzy set h of S is called an anti-hesitant fuzzy interior ideal of S ifitis an anti- hesitant
fuzzy subsemigroup of S and h(xay) C h(a) forall a,x,y €S.

Remark 2.7. Intersection of interior ideal of S is either an empty set or an interior ideal of S .

Remark 2.8. Let S be a semigroup and define the hesitant fuzzy set O of S by O(x)={0} forall x €ES. The
following statements are true.

(1) If (4, ))is an ihfinterior ideal of S, then LI is a hesitant fuzzy interior ideal and ' is an anti-hesitant
fuzzy interior ideal of S. However, the converse is not true.

(2) A hesitant fuzzy set M of S isa hesitant fuzzy interior ideal of S if and only if (,U,O) is an ihf interior
ideal of S.

(3) Ahesitantfuzzy set Y of S is ananti-hesitantfuzzy interiorideal of S if and only if (O,}/) is an ihfinterior

ideal of S.

Lemma 2.5. If Ll is a hesitant fuzzy interior ideal and }/ is an anti-hesitant fuzzy interior ideal of S then the
following statements hold.

(1) L(]/;,B) is either an empty set or an interior ideal of S forall f € §2(00,1]).
(2) U(M; ) is either an empty set or an interior ideal of S for all a € §([0,1]) .

(3) C(,U,}/;(Zﬂ) is either an empty set or an interior ideal of S for all . 8 € £([0,1]) .

Proof. Assume that LI is a hesitant fuzzy interior ideal and ¥ is an anti-hesitant fuzzy interior ideal of S . Since
ML is ahesitant fuzzy subsemigroups and )/ is an anti-hesitantfuzzy subsemigroups of S, we have that U(lL; )
and L(Y;B) are subsemigroups of S, by Lemma 2.2.

(1) Let @, B E€£(0,1]) andlet x,y €S and aEL(Y; ). Then ¥(a) & . By the assumption, we have
Y(xay) S ¥(a) S B . Hence xay EL(Y; ). Therefore L(Y; ) is an interior ideal of S .

(2) The proof is similar to the proof of (1).

(3) It follows from (1), (2) and Remark 2.7.

Theorem 2.8. Let (L)) be anihfsetof S. Then (£4,)) is anihfinterior ideal of S if and only if C(ﬂ,}/;aﬁ) is

an interior ideal of S for all aﬂep([o,ﬂ) :
Proof. (=) It follows from Remark 2.8 and Lemma 2.5.
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(<=) Assume that C(,u,;f;aﬂ) is an interior ideal of S. Since C(,u,}/;aﬂ) is a subsemigroup of S, we
have (L4, ) is an ihfsubsemigroup of S by Theorem 2.12. Let a,x,y €S. Then Ll(a),})(a) € §([0,1]) . Thus
ae C(,u,}/;,u(a),]/(a))' By assumption, we have xay € C(,u,}/;,u(a),y(a)) . Hence t(a) C U(xay) and
Y (xay) C ¥(a) . Therefore (L4,)/) is an ihfinterior ideal of S .

Definition 2.12. (Jun and Lee, 2015) A hesitant fuzzy set h of S is called a hesitant fuzzy (1,2)-ideal of S ifitis a
hesitant fuzzy subsemigroup of S and h(x) Mh(y)Mh(z) C h(xw(yz)) forall w,x,y,z€E€S.
Definition 2.13. A hesitant fuzzy set h of S is called an anti-hesitant fuzzy (1,2)-ideal of S if itis an anti- hesitant
fuzzy subsemigroup of S and h(xw(yz)) C h(x)\Uh(y) Jh(z) forall w,x,y,z€ES.
Remark 2.9. Intersection of (1,2)-ideal of S is either an empty set or a (1,2)-ideal of S .
Remark 2.10. Let S be a semigroup and define the hesitant fuzzy set O of S by O(x) ={0} forall x €S . The
following statements are true.
(1) 1If (L, ))is anihf(1,2)-ideal of S, then LI is a hesitantfuzzy (1,2)-idealand ¥ is an anti-hesitant fuzzy
(1,2)-ideal of S. However, the converse is not true.
(2) Ahesitant fuzzy set gL of S is a hesitant fuzzy (1,2)-ideal of S if and only if (/J,O) is an ihf (1,2)-ideal
of S.

(3) Ahesitant fuzzy set Y of S is an anti-hesitant fuzzy (1,2)-ideal of S if and only if (0,7/) is anihf (1,2)-

ideal of S.

Lemma 2.6. If L is a hesitantfuzzy (1,2)-ideal and )/ is an anti-hesitant fuzzy (1,2)-ideal of S then the following
statements hold.

(1) L(Y;P) is either an empty set or a (1,2)-ideal of S forall € £([0,1]).

(2) U(M;) is either an empty set or a (1,2)-ideal of S for all a € §2([0,1]) .

(3) C(,u,}/;a,ﬂ) is either an empty set or a (1,2)-ideal of S forall @, 3 € §(00,1]) .

Proof. Assume that LI is a hesitant fuzzy (1,2)-ideal and )/ is an anti-hesitant fuzzy (1,2)-ideal of S . Since [l is
a hesitant fuzzy subsemigroups and ' is an anti-hesitant fuzzy subsemigroups of S, we have that U(;) and
L(y;B) are subsemigroups of S by Lemma 2.2.

(1) Let . fELO1) and let weES, x,y,zELY;H). Then Y)Y () y(z2)S B. By the
assumption, we have ¥ (xw(yz)) C Y (x)\J ¥ (y)\J Y (2) C B . Hence xw(yz) EL(Y;B). Therefore L(); ) isa
(1,2)-ideals of S .
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(2) The proof is similar to the proof of (1).

(3) It follows from (1), (2) and Remark 2.9.

Theorem 2.9. Let (4,)) be anihfsetof S. Then (/,l,}/) is an ihf (1,2)-ideal of S if and only if C(,u,;/;a,ﬁ) is a
(1,2)-ideal of S forall a, B € A[0,1]).
Proof. (=) It follows from Remark 2.10 and Lemma 2.29.

(<=) Assume that C(,u,}/;a,ﬂ) is a (1,2)-ideal of S . Since C(,u,}/;aﬂ) is a subsemigroup of S we have
(M, )) is an ihf subsemigroup of S, by Theorem 2.12. Let w,x,y,z €S .
Then LX) U(y) D U(2), Y (x) DY (y) I Y (z) € §X[0,1]). Thus

X Y\Z € Cpy 0Ny U(2). Y ()Y ()Y (2))

By assumption, we have xw(yz) € C(,u,}/;lu(x)ﬁ,u(y)ﬁ,u(z),]/(X)U}/(y)Uj/(z)) . Hence
) (y) M (2) C U(xw(yz)) and Y (xw(yz)) Sy (x) I Y (y) Iy (2).
Therefore (44,)) is an ihf (1,2)-ideal of S .

Discussion

The aim of this paper extended the concept of the hesitant fuzzy subsemigroups to intuitionistic hesitant
fuzzy subsemigroups by merging the concept of intuitionistic hesitant fuzzy set and subsemigroups. Our purpose
is to introduced the concept of intuitionistic hesitant fuzzy set in semigroup, characterized subsemigroups and
several ideals and investigated relations between intuitionistic hesitant fuzzy subsemigroups and subsemigroups
as follows. Firstly, we defined an intuitionistic hesitant fuzzy set on a semigroup which was similar to the concept of
an intuitionistic fuzzy set on a semigroup. The point of view to note here was the definition of intuitionistic hesitant
fuzzy sets introduced by Beg and Rashid (Beg and Rashid, 2014) (see Definition 1.5). We note that the definition
may not exists, if values Li(x) or Y(x) is an openinterval in [0,1]. Moreover, we give an Example 1.2, which not
support the definition 1.5. Thus, in our work, we developed the definition of an intuitionistic hesitant fuzzy set for any
values Li(x) and ¥(x) as the Definition 2.1. Therefore, it could show that our works were generalizations of the
concept of intuitionistic hesitant fuzzy sets introduced by Beg and Rashid. Secondly, we characterized
subsemigroups, left ideals, right ideals, ideals, bi-ideals, interior ideals and (1,2)-ideals in terms of intuitionistic
hesitant fuzzy subsemigroups of semigroups. These could be described that characterization of susemigroups
could consider via special functions, that was characteristic intuitionistic hesitant fuzzy set. Furthermore, we

investigated relations between intuitionistic hesitant fuzzy subsemigroups and hesitant (0!,,3)— cut.
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Conclusions

In this paper, we defined the definition of intuitionistic hesitant fuzzy sets on a semigroup and we
characterized subsemigroups shuch as left ideal, right ideal, ideal, bi-ideal, interior ideal and (1,2)-ideal in terms of
intuitionistic hesitant fuzzy subsemigroups of semigroups. Some relations between intuitionistic hesitant fuzzy
subsemigroups and subsemigroups were obtained. In the future, we will characterize filter subsemigroups in terms

of intuitionistic hesitant fuzzy filter subsemigroups of semigroups.
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