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Abstract

In this paper, the k -Fibonacci sine, cosine, tangent and cotangent are defined, and some

identities of k -Fibonometric functions are investigated.
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Introduction

The well- known Fibonacci sequence is defined as F. = F  +F  for n>2 where F, =0 and

F, =1. In a similar way, the k - Fibonacci sequence is defined as F, =kF,  +F  ,forn>2, 6 k=>1

1
r"—r' k+k”+4

. , . . 1 2
where F, =0 and F,_, =1. Its Binet's formula is given by F, —~=——— where r, = f and

r—r
k—k?+4

1 2
r, = ———— are the roots of the characteristic equation r’—kr-1=0.
2
In 2001, Smith (2001) studied the Fibonometric function by investigations the initial value problem,
y” - y' —y=0 with y(0)=0 and y'(O) =1, which is analogue to the definition of Fibonacci numbers

F =F _,+F _,forn>2 where F, =0 and F, =1. He defined the Fibonacci sine, cosine, tangent and

n n

cotangent and established some theorems and elementary identities for Fibonometry.

In this paper, the concept of k -Fibonometry is studied. The k -Fibonometric functions are obtained from
a second order linear differential equation y” - ky' —y =0 whichwe callas k -Fibonometric differential equation.

The initial value problem y” - ky' -y=0, y(0)=0 and y'(O) =1, known as k - Fibonometric differential

equation, is analogous to the well known recursion formula for k -Fibonacci numbers F, = kF,__ +F _, for

n>2,k=>1where F, /=0 and F, =1. Inthis paper, these functions will be defined as the k -Fibonometric

functions.
Methods
. . o . o e — e k+\/k2+4
The solution of k -Fibonometric differential equation is y = ———— where r, = ——  and

r—r 2

k- k?+4 _ , _ , _
— . Note that r, and r, are indeed the solutions of the equation r° — kr —1 = 0. Motivated by
2

r, =
ix —ix

the formula the well known sinx = , we define the k - Fibonacci sine as follows:

2i
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Definition 2.1 The k - Fibonacci sine, denoted by sinf, ;is defined as sinf, (x) =
r—r
1 2

k+Vk?+4 k—k?+4
where [ = ———and r, = ———.
2 2

Before proving a theorem about k - Fibonacci sine, we have to prove the following lemmas.

Lemma 2.2 (n+2)(n+1c, ,-k(n+l)c, , —c =0 forall nx0.

n+2 n+1

Proof:  Suppose the solution of the k -Fibonometric differential equation y — ky —y = 0 with y(0) = 0 and

y(0)=1isy= > e x".

k=0
Thus,

)

y =3 nc x and y =Y n(n-1)c x"

n=1 n=2

2

Hence

o

S n(n-1)c x"’" - ki ncnx"’l—i c,x"=0
n=1 n=0

n=2

S (n+2)(n+1)c, ,x"—k> (n+1)c x"-=> ¢ x"=0
n=0

n=0 n=0

SO,

S [(n+2)(n+1)c, , -k(n+1)c, , —c ]x"=0.

n=0

Therefore, (n+2)(n+1)c, ,—-k(n+1)c ,-c =0.

+2 n+1 n

Fk nC]. + Fk n—lCO . th . .
Lemma23 ¢, =—————"——,n>1 where F_ isthe n k -Fibonacci number.

! n!

Proof:  We will prove by mathematical induction on n .

F..c +F

k171 k.0

0
If n =1 then = (1)c, + 0c, =c,.

n!

Suppose that the hypothesis is true for n =1,2,3," ,r,r +1.
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Fk,rcl + Fk,r—lco Fk,r+lcl + Fk,rCO
Namely, ¢, = ———  and ¢, = ———" .
r! (r+1)!

We will show thatitis true for n = r + 2.

From Lemma 2.2 (r + 2)(r +1)c,,, —k(r+1)c , -c, =0.

Thus,

=k(r+1)c . +c

r+1 r

(r+2)(r+1)c

r+2

c,+F c
r-1

k,r-1 0)

c,+F ¢

F F
k(r+1)( k,r+171 k,r 0)+( k,
(r+1)! r!

ka,r+1C1 + ka,rCO + Fk,rcl + Fk,r—lco

rl!

Hence,
c _ (k':k,prl+ Fk,r)cl+(ka,r+Fk,r—1)C0
" (r +2)!
_ Fk,r+2C1 + Fk,r+1C0
(r+2)!
F.c +F c
Therefore, ¢, = B

n!

0

Theorem 2.4 The expansion of the k -Fibonaccisineis sinf, (x) = —"x" where F, . isthe n" k-
n! '

n=0

Fibonacci number.

rXx r,x s}
et —e”’
Proof: Since y = ——— = c,x", we have
n-r, ‘o

'201+F F..c,+F [

F c
y:C0+C1X+( k k,lO)X2+__'+( k, k,n-1 O)Xn+...
2! n!
Imposing the initial conditions y(0) = 0 and y (0) =1 on the series, we have c,=0andc =1.

So,
F

F F
y:(1)x+( k,z)xz+( k,3)x3+...+( k,n)xn+“'
2! 31! 1

n
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0

Therefore, sinf, (x) = >’

n=0 n!

k,n n

X

Next, we are moving forward to define the k -Fibonacci cosine, tangent and cotangent. We need to show

that sinf_(x) is absolutely convergent for all real numbers x .
Lemma 2.5 sinf, (x) is absolutely convergent for all real numbers x .

Proof:  We prove by using the ratio test.

Fk,n+l n+1
— X

1

. (n+1)! . Fkn+1xn+ n! |
lim = lim - . -
noe Fk,n n el (n+1)1 F X

X ,

n!
. X k,n+1
= lim

Il
5.

) r(rlm—rz'”l\( r-r, V1
=0-lim|| Il = N

n
n%wLK n-rn JLn —n )J
- (r1n+l _ r2n+1\ - .
=0-lim| =———|=0:limr, =0, since |r2|<1.
I'I%ook rn_rn ) n— o«

1 2

Therefore, sinf, is absolutely convergent for all real numbers x.

d
We define —sin f, (x)=cos f_(x).

dx
rel'l)(
Definition 2.6 The k -Fibonacci cosine, denoted by cosf, ;is defined as cosf, (x) = t

k+k’+4 k- vk’ +4
where pr = ——— and r, = ——.
2 2
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. . . . . - I:k,n+1 n
Theorem 2.7  The expansion of the k -Fibonacci cosineis cosf, (x) = Z — X .
n!
n=0

©

. . k, .
Proof:  Since sinf, (x) = z “x" is absolutely convergent for all real numbers x, we have

ko NI
d d = Fo.,
—sinfk(x)z—(z “0x™)
dx dx -, n!
’ d Fk,n n
= — X
noo dx nl
” Fk,n n-1
=>n X
no N!
2F, _x 3F, .X nk, x
=0+F,  + LA LA L
’ 21 3! n!
Fk 2 Fk 3 Fk,4 Fk n n-1
=F .+ X + X"+ X+ + X +
' 1 2! 31 (n=1)!

Fk,n+1 n
D o
n!

0

©
n=

ES
k,n+1 n

F
Therefore, cosf, (x) = ) ——x

ko N!

We are going to define the k -Fibonacci tangent but we have to prove that cosf, (x) = 0 for all real
numbers X .

Lemma 2.8 cosf, (x) # 0 forall real numbers x .

ret —re’?
Proof:  Suppose that cosf, (x) = 0 for some x. Then, we have cosf, (x) = =————=0.
n-rn
X X rz (rp-r,)x
Thus, re* -r,e” =0 so, —=e ' *'",
r
1
Since
r,ok-wkira (k-vk?+4)? (k-vkP+4)? ) ) o
= = = = = —(r = —-r. <
Wokakira K- (K 4) ~4 c

r ) .
but =% =¢e"“"* > 0, we have a contradiction.
r
1

Therefore, cosf, (x) # 0 forall real numbers x .
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Definition 2.9 The k -Fibonacci tangent, denoted by tanf, ; is defined as

nx rnx

sinf, (x) B et —e?

tanf, (x) =

X nx

cosf (x) re* —re’

In this section, we will write tanf, (x) interms of a power series of e’

n n
Lemma210 r, =F,  +F r,andr =F  +F rforalnx>1.

Proof:  We will prove by mathematical induction.
lfn=1thenr,=F +Fr,=r,
If n =2 then rz2 = Fk,1+ Fe,l, =1+ kr, . Itistrueforn =1 and n =2 .

Suppose that the hypothesis is true for n > 1.

Namely, r. = F, .+ F, r, istrue. We will prove that the statement is true for r.""* .
2 k,n-1 k.,n"2 2

By the induction hypothesis, we have

n+1 n
r, =r(r)= rZ(Fk,n—l + Fk,nrz)

2
= Fk,n—lrz + Fk,nrz

=F r,+F.,(1+kr,)

k,n-1"2

= (Fkvnf1 + Fkynk)r2 + Fk,n'

n+1
Hence, r, =~ = Fk’Mr2 + Fk’n.

. . . n
Itis similar to prove r,” = F,  +F_ r foralln=>1.

Theorem 2.11 The k -Fibonacci tangent can be written as

tanf, (x) = -1, + (kr; +2r)Y [~ (F, , , + F, r,) 7 e V],

n=0

erlx_erzx l_e(rzfrl)x
Proof:  Observe that tanf, (x) = = .
I'1X TZX (rz—rl)x
ret’ —re r,—r,e

We know that r, -, = Vk?+4 and rr, = -1.
Hence,

‘ ( ) _e(rz’rl)’< (_1+e—\ékz+4x)

tanf, (x) = =r
k (r,-r)x 2 2 - {kz
n-re’‘" l+r,e e
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Since r, isthe rootof r* —kr —1=0,wehave r, +1= kr, + 2.

So,
tanf, (x) =r (_“emx)
1+, e"lmx
=r[-1+ (kr, + 2)97’me — 1 (kr, + 2)e’2mx +rf (ke + 2)973«/Hx —]
[t Y (DT (ke 29e 0]
hoo
=r [ 1+ (kr, + 2)2 (-1)"r) ("*”ﬁx]

n=0

=, + (kr} + 2r )z( 1)"r g (VKT

n=0

Therefore,

—(n+1)ak 2+ ax

tanf, (x) = —r, + (kr, + 2r,)Y (-1)"(F, ., + F, 1,)"e

n=0

Definition 2.12  The k -Fibonacci cotangent, denoted by cotf, ; is defined as

cosf, (x) re™ —re”
cotf, (x) = . =t 2
- rXx r,Xx
sinf, (x) et —e?

’\/k2+4x

1 - N
Theorem 2.13  The k -Fibonacci cotangent can be written as  cotf, (x) = - —(1 + (kr, + 2))2 e
r

2 n=1

X2 .0
re” —re"? ° r ° 14 r7e Ve
Proof: Since cotf (x) = - 2 = L =

’ k X X X 9% {kz

e - er e’ —r, +re YO
r r
ke
11+ (kr,+1)e ”]
- r —\/k2+4x

2 -1l+e

1 2 2
= [-1- (ke + 2)e VT - (kr, + 2)e PV ],

r,

Hence, cotf, (x) = ——(1+(kr + 2))2 e*n«/ﬁx

2 n=1
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Before proving some elementary identities of k -Fibonometric functions we will give a definition of k -

Fibonacci secant and cosecant.

Definition 2.14 The k -Fibonacci secant (sec f, ) and the k -Fibonacci cosecant (cos ecf, ) are defined as

1
secf, (x) = —— and cosecf, (x) = ——.
cosf, (x) sinf, (x)

3.1 Elementary Identities of k -Fibonometric Functions

Theorem 3.1  The following Identities are true.

1) cossz(x) - kcosf, (x)sinf, (x) - sinsz(x) =e",
cotf,”(x) — kcotf, (x) -1 = e “cosecf,’(x),
1- ktanf, (x) - tanf(x) = e“secf,*(x),

sinf (x + y) = sinf, _(x)cosf, (y) — ksinf _(x)sinf, y + cosf, (x)sinf _(y),

(
(2)
(3)
(4)
(5) sinf, (x — y) = sinf, (x)cosf, (-y) — ksinf, (x)sinf, (-y) + cosf, (x)sinf (-y),
(6) cosf, (x+y)=cosf, (x)cosf, (y)+sinf, (x)sinf (y),

(7) cosf, (x - y) = cosf, (x)cosf, (~y) + sinf, (x)sinf, (~y),

(8) sinfk(2x):Zsinfk(x)cosfk(x)—ksinsz(x),

(9)

cosf, (2x) = cossz(x) + sinsz(x) .

Proof:  The proof of (1) is as follows:

cosf,”(x) - kcosf, (x)sinf, (x) - sinf,’(x)

rel'l)( r erzx rel'l)( r eI'ZX erlx erx el'l)( erzx
B 2 B - - 2
() -k (—)( ) - ( )
n-n n-n n-n n-n
2 _2nx (r+r,)x 2 _2r,x 2nx (r+r,)x
_ rre” " —2rree +r,e —kre™™ +kre
2
(p+ry)x 2r,x 2rx (r+r,)x 2r,x
kr,e™ - kr,e —e "V 4+ 2e —e
+ 2
2 2rx (r+r,)x 2 2r,x
_ (r —kr,=1)e"* + (kr, —2rr, + kr, + 2)e™" +(r, —kr,=1)e
2
(rl_ rz)
(p+r,)x 2
_ (kr, = 2rr, + kr, + 2)e _ k +4e(r1”2)x .
2 2 '
(r,—r,) k™ +4

X

Therefore cossz(x) - kcosf, (x)sinf, (x) - sinsz(x) —e“.
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To prove (2). Observe that

cosf,’(x cosf, (x
cotf ?(x) — kcotf, (x) =1 = 2( )—k ( )—1
sinf,” (x) sinf, (x)
2 . - 2
cosf,” (x) — kcosf, (x)sinf, (x) —sinf, " (x)

sinf,” (x)

kx
€

== ekxcosecsz(x). This completes the proof of (2) .
sinf,” (x)

The proof of (3) is similarto (2).
Identity (4) can be seen from

sinf, (x)cosf, (y) - ksinf, (x)sinf_y+ cosf (x)sinf (y)

r(x+y) _ n(x+y) (x+y) r(x+y) r(x+y) r(x+y)

I,
_ re re -re’ +r,e _ (r,—r,)e —(r,-r,)e
2 2
(rl_rz) (rl_rZ)
erl(x+y)_er2(x+y) )
= = sinf (x+y).
n-rn

The proofs of (5), (6))and (7) are similarto (4).

The proofs of (8) and (9) are obvious from (4) and (6) respectively.

Results

In this paper, we have studied k -Fibonometric Functions and some identities of k -Fibonometric

Functions.

e
Definition ~ The k - Fibonacci sine, denoted by sinf, ;is defined as sinf, (x) =

k+Vk?+4 k—k?+4
where r, = ———and r, = ———.
2 2

o

Theorem  The expansion of the k -Fibonacci sine is sinf, (x) = z

n

““x" where F, , isthe n" k -

no N!
Fibonacci number.
o I . . ' I rlerlx _ r_Zer2x
Definition ~ The k -Fibonacci cosine, denoted by cosf, ;is defined as cosf, (x) = ————
r—r
1 2
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where r, = ——  and r, =

©

Theorem The expansion of the k -Fibonacci cosine is cosf, (x) = Z
no NI

k,n+1 n
—X

Definition ~ The k -Fibonacci tangent, denoted by tanf, ; is defined as

sinf, (x) e — et
tanf, (x) = = .
f(x) re”—re”
cosf, . ,

Theorem The k -Fibonacci tangent can be written as

tanf, (x) = —r, + (kr, + 2r)y [(—1)”(Fk'n71 +F r )2 e (M ‘kz“‘x].

k,n" 2
n=0

Definition ~ The k -Fibonacci cotangent, denoted by cotf, ; is defined as

nx r,Xx

cosf, (x) _ re* —re-

cotf, (x) = —
sinf, (x) et —e’
1 - —nlk?+4x
Theorem  The k -Fibonacci cotangent can be written as  cotf, (x) = — — (1 + (kr, + 2))2 g VO
r

2 n=1

Elementary Identities of k -Fibonometric Functions

Theorem  The following Identities are true.

X
)

1) coska(x) - kcosf, (x)sinf, (x) - sinsz(x) =ef

N

cotsz(x) - kcotf, (x)-1= ekxcosecsz(x) ,

w

1- ktanf, (x) —tanf’(x) = e“secf,’(x),

SN

sinf, (x + y) = sinf, (x)cosf, (y) - ksinf, (x)sinf, y + cosf, (x)sinf, (y),

sinf, (x —y) = sinf, (x)cosf, (-y) - ksinf, (x)sinf (-y) + cosf, (x)sinf (-y),

(3]

cosf, (x + y) = cosf, (x)cosf, (y) + sinf _(x)sinf, (y),

~

cosf, (x — y) = cosf, (x)cosf, (-y)+sinf, (x)sinf (-y),

[ee]

~— O~ — ~— ~— — ~—~ —

. M - 2
sinf, (2x) = 2sinf, _(x)cosf, (x) - ksinf,~(x),

©

e e s e e e e T T
ol

2 - 2
cosf, (2x) = cosf,” (x) + sinf, " (x) .
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Discussion

We have suggested how these may be similar to the hyperbolic functions and shown their series expansions

in the role of function of e”.

Conclusions
In this paper, we have defined the basic k -Fibonometric Functions and established some theorems and

elementary identities for Fibonometry.
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